
Rswlpdo Ghjuhhv ri Wudqvsduhqf|

lq Prqhwdu| Srolf|pdnlqj

Khquln Mhqvhq

Xqlyhuvlw| ri Frshqkdjhq/ FHSU dqg HSUX

Dsshqglfhv qrw iru sxeolfdwlrq

F1 Vroxwlrq iru dq duelwudu| whuplqdo frqglwlrq lq fdvh ri ixoo lqirupdwlrq

Lqvwhdg ri dvvxplqj +<,/ dvvxph wkdw H
�
Z�mU

�
2

�
' A 1 Lq shulrg 2 wkh fhqwudo edqn wkhq

vroyhv 4�?%2
�
b E%2 � %W

�
�2 n Z2

2

�
vxemhfw wr +5, dqg H

�
Z�mU

�
2

�
' A 1 Wkh uhohydqw �uvw0rughu

frqglwlrq lv b E%2 � %W
�
� n V EA n V%2� ' f iurp zklfk wkh shulrg 2 vroxwlrq hphujhv dv

%2 '
b%W

�
� VA

bn V2
c Z2 '

b EV%W
�
n A �

bn V2
� +F14,

Lq �qglqj wkh vroxwlrq iru shulrg �/ dvvxph wkdw w ' # ' f/ dqg wkxv %W
�
' %W

f
1 Wklv

lv lqfrqvhtxhqwldo/ dv wkh pdlq lvvxh lv wr ghprqvwudwh zkhq d ydoxh ri %W
f
orzhu wkdq

%W lv ehqh�fldo1 Doorzlqj iru d w0vkrfn rqo| dggv dq lqghshqghqw vrxufh ri  xfwxdwlrqv1

Olnhzlvh/ wkh zd| wkh frqwuro huuru d�hfwv wkh rxwfrphv lv ruwkrjrqdo wr wkh lvvxh dw

kdqg1 Khqfh/ shulrg � htxloleulxp lv irxqg e| vroylqj 4�?%�
�
b E%� � %W

f
�2 n Z2

�

�
vxemhfw

wr +4, dqg H
�
Z2mU

�
�

�
' b EV%W

f
n A � * Ebn V2�1 Wkh �uvw0rughu frqglwlrq lv b E%� � %W

f
� n

Vdb EV%W
f
n A � * Ebn V2� n V%� n 0o ' f/ lpso|lqj

%� '
b Eb%W

f
� VA �

Ebn V2�2
�

V

bn V2
0c Z� '

b dV d2bn V2o%W
f
n bA o

Ebn V2�2
n

b

bn V2
0� +F15,
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Dv wkh uhvsrqvh wr wkh lq dwlrq vkrfn lv lqyduldqw wr %W
f
/ zh fdq ljqruh lw zkhq dvvhvvlqj

wkh vhw ri ghvludeoh ydoxhv ri %W
f
1 Vrflhw|*v orvv iurp d srolf| ohdglqj wr +F14,0+F15, lv wkhq

vlpso| jlyhq e|

u7 ' b

�
b Eb%W

f
� VA �

Ebn V2�2
� %W

�2

n

�
b dV d2bn V2o%W

f
n bA o

Ebn V2�2

�2

nb

�
b%W

f
� VA

bn V2
� %W

�2

n

�
b EV%W

f
n A �

bn V2

�2

�

Rqh wkhq �qgv wkdw

Yu7

Y%W
f

' 2b

�
b Eb%W

f
� VA �

Ebn V2�2
� %W

�
b2

Ebn V2�2
n 2

�
b dV d2bn V2o%W

f
n bA o

Ebn V2�2

�
bV d2bn V2o

Ebn V2�2

n2b

�
b%W

f
� VA

bn V2
� %W

�
b

bn V2
n 2

�
b EV%W

f
n A �

bn V2

�
bV

bn V2
c +F16,

dqg dv Y2u7*Y%W2
f

: f lw iroorzv wkdw Yu7*Y%W
f
' f fkdudfwhul}hv wkh ydoxh ri %W

f
vhfxulqj

wkh orzhvw vrfldo orvv1 Zh �qg wkdw wklv pxvw vdwlvi|

b

�
b Eb%W

f
� VA �

Ebn V2�2
� %W

�
b

bn V2
n

�
b dV d2bn V2o%W

f
n bA o

Ebn V2�2

�
V d2bn V2o

bn V2

nb

�
b%W

f
� VA

bn V2
� %W

�
n

bV EV%W
f
n A �

bn V2

' f�

Li wkh ohiw kdqg vlgh hydoxdwhg dw %W
f
' %W lv srvlwlyh/ wkhq lw iroorzv wkdw d ydoxh %W

f
	 %W

lv suhihudeoh wr vrflhw|1 Wklv lv wkh fdvh li

b

�
b Eb%W � VA �

Ebn V2�2
� %W

�
b

bn V2
n

�
b dV d2bn V2o%W n bA o

Ebn V2�2

�
V d2bn V2o

bn V2

nb

�
b%W � VA

bn V2
� %W

�
n

bV EV%W n A �

bn V2

: fc

zklfk diwhu whglrxv pdqlsxodwlrq uhgxfhv wr

%WV
�
2bn V2

�
n Ab : f�

Wklv dozd|v krogv iru A � f1
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G1 Qxphulfdo vlpxodwlrqv= ghyldwlrqv iurp Wdeoh 5*v edvholqh

Wkh iroorzlqj wdeohv uhsruw wkh rswlpdo ghjuhhv ri wudqvsduhqf| iru 9 ghyldwlrqv iurp wkh

edvholqh sdudphwhu frq�jxudwlrq suhvhqwhg lq Wdeoh 51 Wkh ghyldwlrqv duh wkh iroorzlqj

+zkhuh wkh rwkhu sdudphwhuv duh nhsw dw wkhlu edvholqh ydoxh,1 Kljkhu dqg orzhu uhodwlyh

frqfhuq iru rxwsxw  xfwxdwlrqv +Wdeohv D4 dqg D5/ uhvshfwlyho|,1 Kljkhu dqg orzhu hodv0

wlflw| ri lq dwlrq zlwk uhvshfw wr rxwsxw +Wdeohv D6 dqg D7/ uhvshfwlyho|,1 Kljkhu dqg

orzhu yduldqfh ri wkh frqwuro huuru +Wdeohv D8 dqg D9/ uhvshfwlyho|,1 Iru d glvfxvvlrq ri

wkhvh vhqvlwlylw| dqdo|vhv/ vhh Vhfwlrq 6 ri wkh pdlq wh{w1

���������������������������������������

Wdeoh D4= Rswlpdo ghjuhhv ri wudqvsduhqf|

Ghyldwlrq iurp edvholqh= Kljkhu uhodwlyh frqfhuq iru rxwsxw

ioxfwxdwlrqv

j2

w ' f�fD %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�fff f�He2 f�bff

j2

0 ' f�Df f�H2. f�fff f�H�H f�Hbb

j2

0 ' ��ff f�eHD f�fff f�H�e f�HbH

j2

0 ' 2�ff f�ff2 f�fff f�H2. f�HbS

j2

w ' f�Df %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�fff f�fff f�f.e

j2

0 ' f�Df f�bHf f�fff f�fff f�fS�

j2

0 ' ��ff f�bfS f�fff f�fff f�feb

j2

0 ' 2�ff f�SS2 f�fff f�fff f�f�.

j2

w ' ��ff %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�fff f�fff f�fff

j2

0 ' f�Df f�bbD f�fff f�fff f�fff

j2

0 ' ��ff f�bD. f�fff f�fff f�fff

j2

0 ' 2�ff f�H�2 f�fff f�fff f�fff

Wkh rswlpdo ydoxhv ri � iru wkh fdvh ri b ' ��Df/ %W ' ��ff/ V ' 2*� dqg j2

# ' ��ff1

���������������������������������������
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Wdeoh D5= Rswlpdo ghjuhhv ri wudqvsduhqf|

Ghyldwlrq iurp edvholqh= Orzhu uhodwlyh frqfhuq iru rxwsxw

ioxfwxdwlrqv

j2

w ' f�fD %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�Sf� f�b.b f�bHb

j2

0 ' f�Df f�b2e f�eHb f�b.. f�bHH

j2

0 ' ��ff f�H�b f��Se f�b.e f�bHH

j2

0 ' 2�ff f�Sf� f��e� f�bSH f�bHS

j2

w ' f�Df %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�.bS f�HSS f�bfb

j2

0 ' f�Df f�bH� f�.�f f�HDf f�bf2

j2

0 ' ��ff f�b�S f�S2H f�H2H f�HbD

j2

0 ' 2�ff f�.bS f�ee� f�.HD f�HH�

j2

w ' ��ff %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�H.� f�H2� f�HeH

j2

0 ' f�Df f�bbS f�Hf. f�.bf f�H�D

j2

0 ' ��ff f�bSS f�.�. f�.S� f�H2e

j2

0 ' 2�ff f�H.� f�Db� f�.fS f�.b.

Wkh rswlpdo ydoxhv ri � iru wkh fdvh ri b ' f�Df/ %W ' ��ff/ V ' 2*� dqg j2

# ' ��ff1

���������������������������������������
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���������������������������������������

Wdeoh D6= Rswlpdo ghjuhhv ri wudqvsduhqf|

Ghyldwlrq iurp edvholqh= Kljkhu hodvwlflw| ri lqiodwlrq z1u1w1 rxwsxw

j2

w ' f�fD %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�.fH f�bHD f�bb2

j2

0 ' f�Df f�bHf f�SSH f�bH� f�bb2

j2

0 ' ��ff f�be. f�S2� f�bH2 f�bb2

j2

0 ' 2�ff f�H.f f�D�e f�bHf f�bb�

j2

w ' f�Df %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�HDD f�bfD f�b�e

j2

0 ' f�Df f�bbb f�H2D f�HbS f�b�2

j2

0 ' ��ff f�bHb f�Hff f�HHH f�b2b

j2

0 ' 2�ff f�bDe f�.�2 f�H.e f�b2�

j2

w ' ��ff %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�bfH f�H.2 f�Hbf

j2

0 ' f�Df f�bbb f�HHD f�HS� f�HHS

j2

0 ' ��ff f�bbH f�HS� f�HD� f�HH�

j2

0 ' 2�ff f�b.H f�H�b f�H�f f�H.�

Wkh rswlpdo ydoxhv ri � iru wkh fdvh ri b ' ��ff/ %W ' ��ff/ V ' ��ff dqg j2

# ' ��ff1

���������������������������������������
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Wdeoh D7= Rswlpdo ghjuhhv ri wudqvsduhqf|

Ghyldwlrq iurp edvholqh= Orzhu hodvwlflw| ri lqiodwlrq z1u1w1 rxwsxw

j2

w ' f�fD %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�fff f��De f�DDe

j2

0 ' f�Df f�fff f�fff f��eD f�DD�

j2

0 ' ��ff f�fff f�fff f���e f�DeH

j2

0 ' 2�ff f�fff f�fff f���H f�De2

j2

w ' f�Df %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�fff f�fff f�fff

j2

0 ' f�Df f�.DH f�fff f�fff f�fff

j2

0 ' ��ff f�ff. f�fff f�fff f�fff

j2

0 ' 2�ff f�fff f�fff f�fff f�fff

j2

w ' ��ff %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�fff f�fff f�fff

j2

0 ' f�Df f�HHD f�fff f�fff f�fff

j2

0 ' ��ff f�D2� f�fff f�fff f�fff

j2

0 ' 2�ff f�ff� f�fff f�fff f�fff

Wkh rswlpdo ydoxhv ri � iru wkh fdvh ri b ' ��ff/ %W ' ��ff/ V ' �*� dqg j2

# ' ��ff1

���������������������������������������
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���������������������������������������

Wdeoh D8= Rswlpdo ghjuhhv ri wudqvsduhqf|

Ghyldwlrq iurp edvholqh= Kljkhu Yduldqfh ri wkh Frqwuro Huuru

j2

w ' f�fD %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�ff� f�beH f�bSb

j2

0 ' f�Df f�b�2 f�ff� f�beD f�bSH

j2

0 ' ��ff f�.SH f�ff� f�be� f�bS.

j2

0 ' 2�ff f�eDe f�ff� f�b�H f�bSS

j2

w ' f�Df %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f��H� f�Sf� f�.�b

j2

0 ' f�Df f�bHS f�fD� f�DH� f�.�2

j2

0 ' ��ff f�be� f�fff f�DS� f�.fD

j2

0 ' 2�ff f�.be f�fff f�D2S f�Sb2

j2

w ' ��ff %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�eeb f��b� f�ebb

j2

0 ' f�Df f�bbS f��D� f��DH f�eHD

j2

0 ' ��ff f�b.2 f�2D2 f���. f�e..

j2

0 ' 2�ff f�HH� f�f2. f�2.f f�eeb

Wkh rswlpdo ydoxhv ri � iru wkh fdvh ri b ' ��ff/ %W ' ��ff/ V ' 2*� dqg j2

# ' ��Df1

���������������������������������������
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���������������������������������������

Wdeoh D9= Rswlpdo ghjuhhv ri wudqvsduhqf|

Ghyldwlrq iurp edvholqh= Orzhu Yduldqfh ri wkh Frqwuro Huuru

j2

w ' f�fD %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�fff f�He2 f�bfS

j2

0 ' f�Df f�.�S f�fff f�H�S f�bfe

j2

0 ' ��ff f��fe f�fff f�H2H f�bf2

j2

0 ' 2�ff f�fff f�fff f�H�� f�Hb.

j2

w ' f�Df %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�fff f�fff f��DS

j2

0 ' f�Df f�bDS f�fff f�fff f���e

j2

0 ' ��ff f�H�H f�fff f�fff f���D

j2

0 ' 2�ff f��H2 f�fff f�fff f�f.S

j2

w ' ��ff %W
f
' f�ff %W

f
' ��ff %W

f
' 2�ff %W

f
' ��ff

j2

0 ' f�ff f�bbb f�ff� f�fff f�fff

j2

0 ' f�Df f�bbf f�fff f�fff f�fff

j2

0 ' ��ff f�b�2 f�fff f�fff f�fff

j2

0 ' 2�ff f�S�� f�fff f�fff f�fff

Wkh rswlpdo ydoxhv ri � iru wkh fdvh ri b ' ��ff/ %W ' ��ff/ V ' 2*� dqg j2

# ' f�Df1

���������������������������������������

;


