
Vwdwh Pdqlsxodwlrq dqg Dv|pswrwlf Lqh!flhqf| lq d

G|qdplf Prgho ri Prqhwdu| Srolf|

Khquln Mhqvhq/ Xqlyhuvlw| ri Frshqkdjhq/ FHSU dqg HSUX

Ehq Orfnzrrg/ Xqlyhuvlw| ri Zduzlfn dqg FHSU

Whfkqlfdo Dsshqglfhv +qrw lqwhqghg iru sxeolfdwlrq,

I1 Ghulydwlrq ri +<,

Iluvw/ zh qhhg wr vroyh +;,1 Lw zloo eh frqyhqlhqw wr uhvwdwh wkh sureohp/ dqg iru wkdw

sxusrvh/ qrwh wkdw

�

2
E�� B�

k
�2| n b)2|

l
n BuA E�|� n BAn�uoEZ( 4A�|�

fdq eh uhzulwwhq ^xvlqj +9, dqg +7,` dv

�

2
E�� B�

3
C� n B�A

�� B
n

EB42�
An�

n BAn�42AbZ

�� B42

4
D�2| n

�

2
E�� B�b)2| c

zklfk e| wkh gh�qlwlrqv ri +A dqg 	+A ehfrphv=

�

2
E�� B�

k
	+A�

2

| n b)2|
l
�

Khqfh/ sureohp +;, fdq eh uhvwdwhg dv

u_EZ(�|3�� ' 4�?
)
|

�
�

2
E�� B�

k
	+A�

2

| n b)2|
l
v1w1 �| ' 4�|3� n qEZ�|3� � )|�

�
� +I14,

Iurp wkh uhohydqw �uvw0rughu frqglwlrq/ �E��B�q	+A E4�|3� n qEZ�|3� � )|��nE��B�b)| '

f/ zh uhfryhu )| dv

)| '
q E4n qZ� 	+A
bn q2	+A

�|3�c +I15,

4



dqg wkh dvvrfldwhg xqhpsor|phqw udwh dv

�| '
b E4n qZ�

bn q2	+A
�|3�� +I16,

Lqvhuwlqj +I15, dqg +I16, edfn lqwr +I14,/ wkhq jlyhv

u_EZ(�|3�� '
�

2
E�� B�

5
7	+A

#
b E4n qZ�

bn q2	+A
�|3�

$
2

n b

#
q E4n qZ� 	+A

bn q2	+A
�|3�

$
2

6
8 c

'
�

2
E�� B�

b	+A E4n qZ�2

bn q2	+A
�2|3�c

'
�

2
E�� B�

bq2	+A

bn q2	+A

#
4

q
n Z

$
2

�2|3�c

zklfk lv htxdwlrq +<,1

J1 Surri wkdw +G16, dssolhv dqg wkdw VfcA lv erxqghg lq B iru dq| jlyhq A

Iluvw/ zh �qg wkh PSH ri d A 0shulrg jdph/ zkhq +46, dssolhv1 Htxloleulxp ehkdylru ri

wkh PD lv ghvfulehg e| d uhdfwlrq ixqfwlrq Z|EZ
e
|� gh�qhg dv

Z|EZ
e
| c �|3�� ' dujplq

Z|

�
�

2
E�� B� d�2| n bZ2| o n B huA3�E�|� v1w1 +46,/ Z

e
| jlyhq

�
c A : ��

Wkh uhohydqw �uvw0rughu frqglwlrq lv/ xvlqj wkh gh�qlwlrq ri huA / +G15,/

E�� B� d�q�| n bZ|o� Bq
�
�
�cA3� n �

2cA3��|

�
' f�

Dsso|lqj Ze
| ' Z|/ zh wkhq �qg

E�� B� d�q EE�� 4��? n 4�|3�� n bZ|o� Bq
�
�
�cA3� n �

2cA3� EE�� 4��? n 4�|3��
�
' fc

iurp zklfk zh rewdlq wkh PSH lq dwlrq udwh frqglwlrqdo rq �
�cA3� dqg �

2cA3�=

Z| '
Bq�

�cA3�

E�� B�b
n

q

b
%A3� EE�� 4��? n 4�|3�� c A : �c

zkhuh %A3� � � n B�
2cA3�*E�� B��

Zh wkhq �qg wkh uhohydqw Ulffdwl htxdwlrqv wr vroyh iru wkh xqnqrzq sdudphwhuv �
fcA /

5



�
�cA dqg �

2cA e| qrwlqj wkdw dorqj wkh htxloleulxp sdwk/

huA E�|3�� '
�

2
E�� B� d�2| n bZ2| o n B huA3�E�|�c A : �c

�| ' E�� 4��? n 4�|3�c

Z| '
Bq�

�cA3�

E�� B�b
n

q

b
%A3� EE�� 4��? n 4�|3�� �

Wklv phdqv wkdw

�
fcA n �

�cA�|3� n �
2cA

�2|3�
2

+J14,

'
�

2
E�� B�

5
7EE�� 4��? n 4�|3��

2 n b

#
Bq�

�cA3�

E�� B�b
n

q

b
%A3� EE�� 4��? n 4�|3��

$
2

6
8

nB

%
�
fcA3� n �

�cA3� EE�� 4��? n 4�|3�� n �
2cA3�

EE�� 4��? n 4�|3��
2

2

&
c A : �c

Htxdwlqj frh!flhqwv wr �2|3� rq erwk vlghv ri +J14, jlyhv wkh �uvw Ulffdwl htxdwlrq=

�
2cA

2
'

�

2
E�� B�

5
742 n b

#
q4

b
%A3�

$
2

6
8n B42�

2cA3�

2
c A : �c

zklfk diwhu vrph pdqlsxodwlrq fdq eh zulwwhq dv d gl�huhqfh htxdwlrq lq %A =

%A ' � n
q2

b
B42%2A3� n B42%A3�c A : �� +J15,

Qrwh wkdw wklv lv suhflvho| wkh vdph dv wkdw iru +A / fi1 htxdwlrq +D15,1

Htxdwlqj frh!flhqwv wr �|3� lq +J14, jlyhv

�
�cA ' E�� B�

%
4E�� 4��? n

q24%A3�

b

#
%A3� E�� 4� �? n

B�
�cA3�

E�� B�

$&

nB4
k
�
�cA3� n �

2cA3�E�� 4��?

l
c

ru/

�
�cA ' E�� B� 4E�� 4��? n E�� B�

q24%2A3�
b

E�� 4� �? n
q24%A3�

b
B�

�cA3�

nB4�
�cA3� n B4�

2cA3�E�� 4��?c

' E�� B� 4E�� 4��? n E�� B�
q24%2A3�

b
E�� 4� �? n

q24%A3�

b
B�

�cA3�

nB4�
�cA3� n E�� B� 4

B�
2cA3�

�� B
E�� 4��?c

6



' E�� B� 4E�� 4��? n E�� B�
q24%2A3�

b
E�� 4� �? n

q24%A3�

b
B�

�cA3�

nB4�
�cA3� n E�� B� 4 E%A3� � �� E�� 4��?c

' E�� B�
q24%2A3�

b
E�� 4��? n

q24%A3�

b
B�

�cA3� nnB4�
�cA3�

nE�� B� 4%A3�E�� 4��?c

' E�� B� 4 E�� 4�

%
q24%2A3�

b
n %A3�

&
�? n

q24%A3�

b
B�

�cA3� nnB4�
�cA3�c

ohdglqj wr d gl�huhqfh htxdwlrq lq �
�cA =

�
�cA ' E�� B� 4 E�� 4�

%
q24%2A3�

b
n %A3�

&
�? n

%
q2%A3�

b
n �

&
B4�

�cA3�c A : �� +J16,

Htxdwlqj wkh frqvwdqwv rq erwk vlghv ri +J14,/ |lhogv

�
fcA '

�

2
E�� B�

5
7E�� 4�2 �2? n b

3
C
%
Bq�

�cA3�

E�� B�b

&
2

n
q2

b2
%2A3� E�� 4�2 �2?

n2
Bq2�

�cA3�

E�� B�b2
%A3�E�� 4��?

$&
n B�

fcA3� n B�
�cA3� E�� 4� �?

n
�

2
B�

2cA3� E�� 4�2 �2?c

ru/

�
fcA '

�

2
E�� B� E�� 4�2 �2? n

B2q2�2
�cA3�

2 E�� B�b
n

�

2
E�� B�

q2

b
%2A3� E�� 4�2 �2?

n
Bq2�

�cA3�

b
%A3�E�� 4��? n B�

fcA3� n B�
�cA3� E�� 4��?

n
�

2
B�

2cA3� E�� 4�2 �2?c

'
�

2
E�� B� E�� 4�2 �2? n

B2q2�2
�cA3�

2 E�� B�b
n

�

2
E�� B�

q2

b
%2A3� E�� 4�2 �2?

n
Bq2�

�cA3�

b
%A3�E�� 4��? n B�

fcA3� n B�
�cA3� E�� 4��?

n
�

2
E�� B�

#
B�

2cA3�

�� B

$
E�� 4�2 �2?c

'
�

2
E�� B� E�� 4�2 �2? n

B2q2�2
�cA3�

2 E�� B�b
n

�

2
E�� B�

q2

b
%2A3� E�� 4�2 �2?

n
Bq2�

�cA3�

b
%A3�E�� 4��? n B�

fcA3� n B�
�cA3� E�� 4��?

n
�

2
E�� B� E%A3� � �� E�� 4�2 �2?c

7



ohdglqj wr d gl�huhqfh htxdwlrq lq �
fcA =

�
fcA '

B2q2�2
�cA3�

2 E�� B�b
n

�

2
E�� B�

q2

b
%2A3� E�� 4�2 �2? n

Bq2�
�cA3�

b
%A3�E�� 4��?

nB�
fcA3� n B�

�cA3� E�� 4��? n
�

2
E�� B�%A3� E�� 4�2 �2?c A : �� +J17,

Lq rughu wr fkdudfwhul}h wkh vroxwlrq wr wkh v|vwhp ri Ulffdwl htxdwlrqv/ +J15,/ +J16, dqg

+J17,/ zh qhhg �uvw wr �qg wkh uhohydqw erxqgdu| frqglwlrqv ri wkh gl�huhqfh htxdwlrqv/

l1h1/ �
2c�/ ��c�/ dqg �

fc�/ uhvshfwlyho|1 Wkhvh duh irxqg e| frqvlghulqj wkh PSH ri d 40

shulrg jdph/ zkhuh wkh orvv ri wkh ixwxuh lv jlyhq e| B huo Efc �|�/ l1h1/ lv fkdudfwhul}hg e| d

uhyhuvlrq wr wkh }hur lq dwlrq uxoh1 Lq vxfk d jdph wkh PDplqlpl}hv �

2
E�� B� d�2| n bZ2| on

B huo Efc �|� v1w1 +46,/ Ze
| jlyhq1 E| xvh ri +G14,/ wkh uhohydqw �uvw0rughu frqglwlrq uhdgv=

�q E�� B� �|nE�� B�bZ|� Bq ES� n S2�|� ' f1 Dsso|lqj wkdw Ze
| ' Z| lq htxloleulxp/ wklv

frqglwlrq |lhogv wkh PSH lq dwlrq udwh

Z|mA'� '
Bq

E�� B�b
S� n

q

b

#
� n

BS2
�� B

$
dE�� 4� �? n 4�|3�o � +J18,

Frpelqlqj +J18, zlwk wkh idfw wkdw �| ' E�� 4� �? n 4�|3� lq htxloleulxp/ zh uhfryhu wkh

orvv ri wkh 40shulrg PSH dv

hu� E�|3��

'
�

2
E�� B�

k
EE�� 4��? n 4�|3��

2

nb

#
Bq

E�� B�b
S� n

q

b

#
� n

BS2
�� B

$
dE�� 4� �? n 4�|3�o

$
2

6
8 c

iurp zklfk lw iroorzv wkdw

�
2c� ' E�� B� 42

5
7� n q2

b

#
� n

BS2
�� B

$
2

6
8 c +J19,

�
�c� ' E�� B� 4

5
7E�� 4� �? n

q2

b

#
� n

BS2
�� B

$
2

E�� 4� �? +J1:,

n
Bq2S�

E�� B�b

#
� n

BS2
�� B

$&
c

�
fc� '

�

2
E�� B�

5
7E�� 4�2 �2? n

B2q2

E�� B�2 b
S2
�
n

q2

b

#
� n

BS2
�� B

$
2

E�� 4�2 �2?

n 2
Bq2S�

E�� B�b

#
� n

BS2
�� B

$
E�� 4��?

&
c +J1;,

8



duh wkh uhohydqw erxqgdu| frqglwlrqv rq/ uhvshfwlyho|/ +J15,/ +J16,/ dqg +J17,1 E| xvh ri

wkh gh�qlwlrqv ri S� dqg S2 wkhvh h{suhvvlrqv duh ixuwkhu uhgxfhg wr=

�
2c� ' E�� B� 42

%
� n

q2

b E�� B42�2

&
c +J1<,

�
�c� ' 4 E�� 4�

%
� n

q2

b E�� B42�2 E�� B4�

&
E�� B� �?c +J143,

�
fc� '

�

2
E�� 4�2

%
� n

q2

b E�� B42�2 E�� B4�2

&
E�� B��2?� +J144,

zkhuh +J1<, fdq eh uh0zulwwhq lq whupv ri %�=

%� ' � n B42
%
� n

q2

b E�� B42�2

&
� +J145,

Qrwh wkdw wklv lv suhflvho| wkh vdph dv +� iru Z ' f/ fi1 +D17,1

Kdylqj ghulyhg wkhvh erxqgdu| frqglwlrqv/ zh fdq qrz fkdudfwhul}h wkh vroxwlrq wr

wkh v|vwhp ri Ulffdwl htxdwlrqv1 Iluvw qrwh wkh uhfxuvlyh vwuxfwxuh ri +J15,/ +J16,/ dqg

+J17,1 Htxdwlrq +J15, ghwhuplqhv dorqh �
2cA ^wrjhwkhu zlwk erxqgdu| frqglwlrq +J145,`1

Wkhq/ jlyhq wklv vroxwlrq/ htxdwlrq +J16, dorqh ghwhuplqhv �
�cA ^wrjhwkhu zlwk erxqgdu|

frqglwlrq +J143,`1 Wkhq/ jlyhq wkhvh vroxwlrqv/ htxdwlrq +J17, �qdoo| ghwhuplqhv �
fcA

^wrjhwkhu zlwk erxqgdu| frqglwlrq +J144,`1 Vlqfh wkh ghwhuplqdwlrq ri �
2cA iroorzv iurp

wkh ghwhuplqdwlrq ri %A / dqg vlqfh wkh ghwhuplqdwlrq ri wkh odwwhu h{dfwo| plplfv wkdw ri

+A zh fdq lpphgldwho| dsso| wkh dujxphqwv ri Dsshqgl{ D wr frqfoxgh wkdw %A lv srvlwlyh

dqg erxqghg iru doo A 1

Qh{w zh frqvlghu wkh surshuwlhv ri wkh vroxwlrq wr �
�cA 1 Iru frqyhqlhqfh/ zh uhzulwh

wkh �uvw0rughu gl�huhqfh htxdwlrq +J16, dv

�
�cA ' lA3� E�� B� �? n[A3���A3�c A : �c +J146,

zlwk

lA3� � 4 E�� 4�

%
q24%2A3�

b
n %A3�

&
c [A3� �

%
q2%A3�

b
n �

&
B4c

erwk ehlqj erxqghg lq B iru dq| A ehfdxvh %A3� lv1 Htxdwlrq +J146, kdv wkh vroxwlrq=

�
�cA '

A3�[
�'�

3
C
5
7�3�\
�'�

[A3�

6
8lA3�

4
D E�� B� �? n

A3�\
�'�

[A3���c�c

9



zklfk e| xvh ri +J143, ehfrphv

�
�cA '

;?
=

A3�[
�'�

3
C
5
7�3�\
�'�

[A3�

6
8lA3�

4
Dn

A3�\
�'�

[A3�4 E�� 4�

%
� n

q2

b E�� B42�2 E�� B4�

&<@
> E�� B��?�

Lq pruh frqghqvhg irup/ wkh vroxwlrq fdq wkhuhiruh eh zulwwhq dv

�
�cA ' V�cA E�� B� �?c +J147,

zkhuh

V�cA �
A3�[
�'�

3
C
5
7�3�\
�'�

[A3�

6
8lA3�

4
Dn

A3�\
�'�

[A3�4 E�� 4�

%
� n

q2

b E�� B42�2 E�� B4�

&

lv d erxqghg ixqfwlrq ri B iru dq| A vlqfh wkh l�v dqg [�v duh1

Qrz zh fdq h{dplqh wkh surshuwlhv ri wkh vroxwlrq wr �
fcA 1 Zh �uvw/ iru frqyhqlhqfh/

uhzulwh wkh �uvw0rughu gl�huhqfh htxdwlrq +J17,/ xvlqj +J147,/ dv

�
fcA '

%
B2q2V2

�cA3�

2b
n

�

2

q2

b
%2A3� E�� 4�2 n

Bq2V�cA3�
b

%A3�E�� 4�

&
E�� B��2?

nB�
fcA3� n BV�cA3� E�� B� E�� 4�� 4�2? n

�

2
E�� B� %A3� E�� 4�2 �2?c A : ��

Wklv fdq eh uhgxfhg lq wkh iroorzlqj zd|=

�
fcA ' xA3�E�� B��2? n B�

fcA3� +J148,

zkhuh

xA3� �
B2q2V2

�cA3�

2b
n

�

2

q2

b
%2A3� E�� 4�2 n

Bq2V�cA3�
b

%A3�E�� 4�

nBV�cA3� E�� 4� n
�

2
%A3� E�� 4�2

lv erxqghg lq B dqg A ehfdxvh erwk %A3� dqg V�cA3� duh1 Htxdwlrq +J148, kdv wkh vroxwlrq=

�
fcA '

A3�[
�'�

B�3�xA3�E�� B��2? n BA3��
fc�c

zklfk e| xvh ri +J144, ehfrphv

�
fcA '

+
A3�[
�'�

B�3�xA3� n BA3�
�

2
E�� 4�2

%
� n

q2

b E�� B42�2 E�� B4�2

&,
E�� B��2?c

:



Lq pruh frqghqvhg irup/ wkh vroxwlrq fdq eh zulwwhq dv

�
fcA ' VfcA E�� B� �2?c +J149,

zkhuh

VfcA �
A3�[
�'�

B�3�xA3� n BA3�
�

2
E�� 4�2

%
� n

q2

b E�� B42�2 E�� B4�2

&

lv d erxqghg ixqfwlrq ri B iru dq| jlyhq A vlqfh wkh x�v duh1 Wklv suryhv wkh irup ri wkh

vroxwlrq ri �
fcA dv vwdwhg e| +G16, dv zhoo dv wkh fodlp pdgh lq wkh surri ri Sursrvlwlrq 6

wkdw VfcA lv erxqghg lq B1

K1 Surri wkdw +H17, dssolhv dqg wkdw >A lv erxqghg lq B iru dq| jlyhq A

Iru wkh sxusrvh ri surylqj wkh fodlp/ zh qhhg wr ghwhuplqh wkh sdudphwhu wA ri wkh

ixqfwlrq 7uA E�|3�� dv jlyhq e| +H16,1 Qrz wklv ixqfwlrq pxvw vdwlvi|

7uA E�|3�� ' H|3�4�?
Z|

�
�

2
E�� B�

k
�2| n bZ2|

l
n B 7uA3� E�|3�� v1w1 +47,/ Ze

| jlyhq
�
c A : ��

Iurp wkh uhohydqw �uvw0rughu frqglwlrq +xvlqj wkh frqmhfwxuhg irup ri 7uA ,/ � E�� B� q�|n

E�� B�bZ|�Bq�A3��| ' f/ zh uhfryhu/ e| dsso|lqj wkh h{shfwdwlrqv duh iruphg udwlrqdoo|=

Ze
| '

q

b
+A3�4�|3��

Wkh dfwxdo PSH lq dwlrq udwh/ frqglwlrqdo rq �A3�/ lv wkh vxevhtxhqwo| irxqg dv

Z| '
q

b
+A3�4�|3� n

q+A3�

bn q2+A3�
0|c +K14,

vr wkh PSH xqhpsor|phqw udwh ehfrphv

�| ' 4�|3� n
b

bn q2+A3�
0|� +K15,

Zh wkhq vroyh iru wkh xqnqrzq sdudphwhuv ri wkh ixqfwlrq 7uA 1 Lq htxloleulxp/ wkh iroorzlqj

uhfxuvlrq krogv=

uA E�|3�� ' H|3�

�
�

2
E�� B�

k
�2| n bZ2|

l
n B7uA3� E�|3��

�
c A : �c

;



zklfk e| xvh ri +H16,/ +K14, dqg +K15, lv htxlydohqw ri

�A

2
�2|3� n

wA
2
j2 ' H|3�

;?
=�

2
E�� B�

5
7#4�|3� n

b

bn q2+A3�
0|

$
2

nb

#
q

b
+A3�4�|3� n

q+A3�

bn q2+A3�
0|

$
2

6
8

n
B�A3�

2

#
4�|3� n

b

bn q2+A3�
0|

$
2

n
BwA3�
2

j2

<@
>

'
�

2
E�� B�

%
� n

q2

b
+2A3�

&
42�2|3� n

�

2
E�� B�

b
�
bn q2+2A3�

�
�
bn q2+A3�

�
2
j2

n
B�A3�

2
42�2|3� n

B�A3�b
2

2
�
bn q2+A3�

�
2
j2 n

BwA3�
2

j2�

Htxdwlqj frh!flhqwv rq erwk vlghv wr �2|3� ohdgv wr +D15,/ vr wkh ghwhuplqdwlrq ri +A dqg/
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