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Setting the derivative of equation (20) with respect to GH

t to zero, we have:
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Using (15), (16), (8) and (17) we have that Tsvy
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Y H
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, for all s ≥ t.

Hence, the above expression becomes:

Et
∞X
s=t

βs−t
·
nUC

¡
CH
s , �

H
s

¢ ∂CH
s

∂GH
t

+ (1− n)UC

¡
CF
s , �

F
s

¢ ∂CF
s

∂GH
t

¸
−

Et
∞X
s=t

βs−tvy
¡
Y H
s , zHs

¢ n
h
(1− n)T−ns CW

s
∂Ts
∂GH

t
+ T 1−ns

∂CW
s

∂GH
t

i
+

(1− n)
h
(−n)T−ns CW

s
∂Ts
∂GH

t
+ T 1−ns

∂CW
s

∂GH
t

i 
+nVG

¡
GH
t

¢− nvy
¡
Y H
t , zHt

¢
= Et

∞X
s=t

βs−t
(

nUC

¡
CH
s , �

H
s

¢ ∂CH
s

∂GH
t
+ (1− n)UC

¡
CF
s , �

F
s

¢ ∂CF
s

∂GH
t

−vy
¡
Y H
s , zHs

¢
T 1−ns

∂CW
s

∂GH
t

)
+nVG

¡
GH
t

¢− nvy
¡
Y H
t , zHt

¢
,

which is equal to

Et
∞X
s=t

βs−t

 nUC

¡
CH
s , �

H
s

¢ ∂CH
s

∂GH
t
+ (1− n)UC

¡
CF
s , �

F
s

¢ ∂CF
s

∂GH
t

−vy
¡
Y H
s , zHs

¢
T 1−ns

h
n∂CH

s

∂GH
t
+ (1− n) ∂CF

s

∂GH
t

i 
+nVG

¡
GH
t

¢− nvy
¡
Y H
t , zHt

¢
= Et

∞X
s=t

βs−t
½
n
£
UC

¡
CH
s , �

H
s

¢− T 1−ns vy
¡
Y H
s , zHs

¢¤ ∂CH
s

∂GH
t

¾
+

Et
∞X
s=t

βs−t
½
(1− n)

£
UC

¡
CF
s , �

F
s

¢− T 1−ns vy
¡
Y H
s , zHs

¢¤ ∂CF
s

∂GH
t

¾
+

nVG
¡
GH
t

¢− nvy
¡
Y H
t , zHt

¢
,

1



which is equal to
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where in the final step we have used again (15) and (16). Hence,
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Similarly, the first-order condition for Foreign public spending reduces to:
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B Government spending not in utility

B.1 Government spending neither in Home nor in Foreign util-
ity

Government spending does not provide utility to the Home and Foreign individuals.

Hence, the coordinating fiscal authorities now maximize
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Hence, eGR
t =

1

1− ξc

h
SR
t + ξc eTti .

Substitute this into (48), and solve to give eTt = 0.
To show that all gaps can be closed at all dates when government spending does not

feature in the utility functions of the individuals, observe that, if πWt = 0 at all dates (to be

confirmed), the monetary authority closes the consumption gap by (committing to) settingbRt = eRt, for all t ≥ 1. From (30) and (31), with bGH
t − eGH

t = − (1+ηξc)(1−n)
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³bTt − eTt´ and a closed consumption gap for all t ≥ 1, national inflation
rates, and thus πRt and π

W
t , are zero for all t ≥ 1. From (32) we see that, with the natural

terms of trade equal to zero for all t ≥ 1, the starting condition bT0 = 0, and πRt = 0 for

all t ≥ 1, the terms-of-trade gap is zero for all t ≥ 1. Hence, in equilibrium, all gaps are
closed and national inflation rates are zero for all t ≥ 1, and, hence, there are no policy
trade offs.

B.2 Government spending in only one country’s utility

When only the Home — say — individuals experience utility from public spending, the

coordinating fiscal authorities maximize
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t subject to (15), (16) and (17) and subject to the restriction that the

steady state G
F
of GF
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0 > 0. Going through the steps of Additional

Appendix A, and using the above arguments, we end up with the following conditions:
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Log-linearizing these two conditions yields:
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These need to be combined with (47) and (48), to yield a four-equation system that

is solved for eGH
t , eGF
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t and eTt. We now show that the solution of this system is

incompatible with eTt = 0 for all possible shock realizations. By (48), to produce eTt = 0,
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t .

Hence, given that eTt can differ from zero, we are in the case covered by Proposition 1

and it is impossible to close all gaps.

C Relevance of demand shocks for natural terms of
trade under international market incompleteness

As before, log-linearizing (15) and (16) around the steady state, we obtain again (45) and

(46). However, subtracting the latter from the former, we can no longer use the relation
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eCH
t +DH

t = eCF
t +DF

t [which was obtained by linearizing (8) — however, this expression

no longer holds under internationally incomplete markets]. Hence, we obtain:
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Under internationally complete markets the term eCR
t +DR

t would be zero. With interna-

tional incompleteness this is no longer the case in general.

D Derivation of the microfounded loss function

Here, we derive the utility-based loss function. The average utility flow of the households

belonging to countries H and F respectively is:
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The welfare criterion of the authorities (the common central bank and the coordinating

fiscal authorities) is:

E0
∞X
t=1

βt−1
£
nwH

t + (1− n)wF
t

¤
.

We start by making computations for Home. The computations for Foreign are analo-
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Then note that a second-order logarithmic expansion of yt (h) gives:

yt (h) = Y
£
1 + byt (h) + 1

2
byt (h)2¤+O ¡kξk3¢ .

Using this expression, we simplify

v
¡
yt (h) ; z

H
t

¢
= vyyt (h) +

1

2
vyy
¡
yt (h)− Y

¢2
+ vyzz

H
t yt (h) + t.i.p.+O

¡kξk3¢
to

v
¡
yt (h) ; z

H
t

¢
= vyY

·byt (h) + 1
2
byt (h)2 + 1

2

vyyY

vy
byt (h)2 + vyz

vy
zHt byt (h)¸+ t.i.p.+O ¡kξk3¢ ,

or

v
¡
yt (h) ; z

H
t

¢
= vyY

·byt (h) + 1 + η

2
byt (h)2 + vyz

vy
zHt byt (h)¸+ t.i.p.+O ¡kξk3¢ ,

where, as in the main text, η ≡ vyy
¡
Y , 0

¢
Y /vy

¡
Y , 0

¢
. Then, using the definition of SH

t ,

vyzz
H
t = −Y vyySH

t ,

we finally arrive at

v
¡
yt (h) ; z

H
t

¢
= vyY

·byt (h) + 1 + η

2
byt (h)2 − ηSH

t byt (h)¸+ t.i.p.+O ¡kξk3¢ .
We have that UC

¡
C; 0

¢
= vy

¡
Y ; 0

¢
. Hence, using this, we can write:

v
¡
yt (h) ; z

H
t

¢
= UCY

·byt (h) + 1 + η

2
byt (h)2 − ηSH

t byt (h)¸+ t.i.p.+O ¡kξk3¢ .
This last expression is integrated over the Home population (of size n), i.e., we find

1

n

Z n

0

v
¡
yt (h) ; z

H
t

¢
dh

= UCY
¡
Ehbyt (h) + 1+η

2

£
Varhbyt (h) + [Ehbyt (h)]2¤− ηSH

t Ehbyt (h)¢+ t.i.p.+O ¡kξk3¢ .
We then take a second-order log-expansion of the aggregator Y H

t to obtain:

bY H
t = Ehbyt (h) + 1

2
σ−1
σ
Varhbyt (h) +O ¡kξk3¢ .

Insert the implied value for Ehbyt (h) into the previous expression:
1

n

Z n

0

v
¡
yt (h) ; z

H
t

¢
dh

= UCY

µbY H
t − 1

2
σ−1
σ
Varhbyt (h) + 1+η

2

·
Varhbyt (h) + ³bY H

t

´2¸
− ηSH

t
bY H
t

¶
+ t.i.p.+O ¡kξk3¢

= UCY

·bY H
t + 1+η

2

³bY H
t

´2
− 1

2

£
σ−1
σ
− 1− η

¤
Varhbyt (h)− ηSH

t
bY H
t

¸
+ t.i.p.+O ¡kξk3¢

= UCY

·bY H
t + 1+η

2

³bY H
t

´2
+ 1

2

£
σ−1 + η

¤
Varhbyt (h)− ηSH

t
bY H
t

¸
+ t.i.p.+O ¡kξk3¢ .

7



D.2 Combining the expressions

Combining (A.1), (A.2) and the previous expression, the relevant welfare criterion is
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wF
t = UCC

½· bCF
t +

1

2
(1− ρ)

³ bCF
t

´2
− ρDF

t
bCF
t

¸
+
1− ξc
ξc

· bGF
t +

1

2

¡
1− ρg

¢ ³ bGF
t

´2¸
− 1

ξc

·bY F
t +

1+η
2

³bY F
t

´2
+ 1

2

£
σ−1 + η

¤
Varfbyt (f)− ηSF

t
bY F
t

¸¾
+t.i.p.+O ¡kξk3¢ .

Now, take a weighted average of wH
t and wF

t with weights n and 1− n, respectively:

wt = UCC

½· bCW
t + 1

2
(1− ρ)

³ bCW
t

´2
− ρDW

t
bCW
t

¸
+
1− ξc
ξc

· bGW
t +

1
2

¡
1− ρg

¢µ
n
³ bGH

t

´2
+ (1− n)

³ bGF
t

´2¶¸

− 1

ξc


bY W
t + 1+η

2

µ
n
³bY H

t

´2
+ (1− n)

³bY F
t

´2¶
+

1
2
[σ−1 + η] [nVarhbyt (h) + (1− n)Varfbyt (f)]

−ηnSH
t
bY H
t − η (1− n)SF

t
bY F
t




+t.i.p.+O ¡kξk3¢ . (A.3)
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Here, we have used that:

n
³ bCH

t

´2
+ (1− n)

³ bCF
t

´2
=

= n
³ bCW

t +DW
t −DH

t

´2
+ (1− n)

³ bCW
t +DW

t −DF
t

´2
= n

·³ bCW
t

´2
+ 2

¡
DW

t −DH
t

¢ bCW
t

¸
+ (1− n)

·³ bCW
t

´2
+ 2

¡
DW

t −DF
t

¢ bCW
t

¸
+ t.i.p.

=
³ bCW

t

´2
+ t.i.p.

and

−nρDH
t
bCH
t − (1− n) ρDF

t
bCF
t

= −nρDH
t

³ bCW
t +DW

t −DH
t

´
− (1− n) ρDF

t

³ bCW
t +DW

t −DF
t

´
= −nρDH

t
bCW
t − (1− n) ρDF

t
bCW
t + t.i.p.

= −ρDW
t
bCW
t + t.i.p.

D.2.1 Expansion of bYt
Before continuing, we expand bY H

t . Define the function W
¡
Y H
t

¢ ≡ bY H
t = ln

¡
Y H
t /Y

¢
.

Taking a second-order approximation:

bY H
t = W

¡
Ȳ
¢
+W 0 ¡Ȳ ¢ ¡Y H

t − Ȳ
¢
+
1

2
W 00 ¡Ȳ ¢ ¡Y H

t − Ȳ
¢2
+O ¡kξk3¢

= 0 +

µ
Y H
t − Ȳ

Ȳ

¶
− 1
2

µ
Y H
t − Ȳ

Ȳ

¶2
+O ¡kξk3¢

=
T 1−nt CW

t +GH
t −

¡
T̄ 1−nC̄ + Ḡ

¢
Ȳ

− 1
2

"
T 1−nt CW

t +GH
t −

¡
T̄ 1−nC̄ + Ḡ

¢
Ȳ

#2
+O ¡kξk3¢

=
T 1−nt CW

t − T̄ 1−nC̄
Ȳ

+
GH
t − Ḡ

Ȳ
− 1
2

·
T 1−nt CW

t − T̄ 1−nC̄
Ȳ

+
GH
t − Ḡ

Ȳ

¸2
+O ¡kξk3¢ .

Now define Z
¡
Tt, C

W
t

¢ ≡ T 1−nt CW
t . Taking a second-order Taylor expansion of Z

¡
Tt, C

W
t

¢
around the point

¡
T, C

¢
gives:

Z
¡
Tt, C

W
t

¢
= Z

¡
T, C

¢
+ ZT

¡
Tt − T

¢
+ 1

2
ZTT

¡
Tt − T

¢2
+ ZC

¡
CW
t − C

¢
+1
2
ZCC

¡
CW
t − C

¢2
+ ZTC

¡
Tt − T̄

¢ ¡
CW
t − C

¢
+O ¡kξk3¢

= T
1−n

C + (1− n)T
−n
C
¡
Tt − T

¢− 1
2
(1− n)nT

−(n+1)
C
¡
Tt − T

¢2
+T

1−n ¡
CW
t − C

¢
+ (1− n)T

−n ¡
Tt − T̄

¢ ¡
CW
t − C

¢
+O ¡kξk3¢

= T
1−n

C + (1− n)T
1−n

C

µ
Tt − T

T

¶
− 1

2
(1− n)nT

1−n
C

µ
Tt − T

T

¶2
+T

1−n
C

µ
CW
t − C̄

C̄

¶
+ (1− n)T

1−n
C

µ
Tt − T

T

¶µ
CW
t − C

C

¶
+O ¡kξk3¢ .
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Hence,

T 1−nt CH
t − T

1−n
C

Ȳ

= (1− n) ξc

µ
Tt − T

T

¶
− 1

2
(1− n)nξc

µ
Tt − T

T

¶2
+ξc

µ
CW
t − C

C

¶
+ (1− n) ξc

µ
Tt − T

T

¶µ
CW
t − C

C

¶
+O ¡kξk3¢ .

Substitute into this expression:

CW
t = C̄

µ
1 + bCW

t +
1

2

³ bCW
t

´2¶
+O ¡kξk3¢ ,

Tt = T̄

µ
1 + bTt + 1

2
bT 2t ¶+O ¡kξk3¢ ,

so that the right-hand side becomes:

(1− n) ξc

³bTt + 1
2
bT 2t ´− 1

2
(1− n)nξc

³bTt + 1
2
bT 2t ´2

+ξc

µbCW
t + 1

2

³ bCW
t

´2¶
+ (1− n) ξc

³bTt + 1
2
bT 2t ´µ bCW

t + 1
2

³ bCW
t

´2¶
+O ¡kξk3¢

= (1− n) ξc bTt + ξc bCW
t + 1

2
(1− n) ξc bT 2t

−1
2
(1− n)nξc bT 2t + 1

2
ξc

³ bCW
t

´2
+ (1− n) ξc bTt bCW

t +O ¡kξk3¢
= (1− n) ξc bTt + ξc bCW

t + 1
2
(1− n)2 ξc bT 2t + 1

2
ξc

³ bCW
t

´2
+ (1− n) ξc bTt bCW

t +O ¡kξk3¢ .
In addition using that

GH
t = Ḡ

µ
1 + bGH

t +
1

2

³ bGH
t

´2¶
+O ¡kξk3¢ ,

we can write:µ
Y H
t − Y

Y

¶
=

T 1−nt CW
t − T̄ 1−nC
Y

+
GH
t −G

Y

= ξc

·
(1− n) bTt + bCW

t + 1
2
(1− n)2 bT 2t + 1

2

³ bCW
t

´2
+ (1− n) bTt bCW

t

¸
+(1− ξc)

· bGH
t +

1
2

³ bGH
t

´2¸
+O ¡kξk3¢ .
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Hence:µ
Y H
t − Y

Y

¶2
= ξ2c

·
(1− n) bTt + bCW

t + 1
2
(1− n)2 bT 2t + 1

2

³ bCW
t

´2
+ (1− n) bTt bCW

t

¸2
+

2ξc (1− ξc)

·
(1− n) bTt + bCW

t + 1
2
(1− n)2 bT 2t + 1

2

³ bCW
t

´2
+ (1− n) bTt bCW

t

¸ · bGH
t +

1

2

³ bGH
t

´2¸
+(1− ξc)

2

· bGH
t +

1

2

³ bGH
t

´2¸2
+O ¡kξk3¢

= ξ2c

·
(1− n)2 bT 2t + ³ bCW

t

´2
+ 2 (1− n) bTt bCW

t

¸
+ (1− ξc)

2
³ bGH

t

´2
+

2ξc (1− ξc) (1− n) bTt bGH
t + 2ξc (1− ξc) bCW

t
bGH
t +O

¡kξk3¢ .
Hence,µ

Y H
t − Y

Y

¶
− 1
2

µ
Y H
t − Y

Y

¶2
= ξc

h
(1− n) bTt + bCW

t

i
+ (1− ξc) bGH

t +
1
2
(1− n)2 ξc bT 2t + 1

2
ξc

³ bCW
t

´2
+ (1− n) ξc bTt bCW

t +

1
2
(1− ξc)

³ bGH
t

´2
− 1

2
ξ2c (1− n)2 bT 2t − 1

2
ξ2c

³ bCW
t

´2
− (1− n) ξ2c bTt bCW

t − 1
2
(1− ξc)

2
³ bGH

t

´2
−

ξc (1− ξc) (1− n) bTt bGH
t − ξc (1− ξc) bCW

t
bGH
t +O

¡kξk3¢ .
or

bY H
t =

µ
Y H
t − Y

Y

¶
− 1
2

µ
Y H
t − Y

Y

¶2
+O ¡kξk3¢

=
h
ξc

³
(1− n) bTt + bCW

t

´
+ (1− ξc) bGH

t

i
+1
2
(1− n)2 ξc (1− ξc) bT 2t + 1

2
ξc (1− ξc)

³ bCW
t

´2
+ 1

2
ξc (1− ξc)

³ bGH
t

´2
+(1− n) ξc (1− ξc) bTt bCW

t − ξc (1− ξc) (1− n) bTt bGH
t

−ξc (1− ξc) bCW
t
bGH
t +O

¡kξk3¢ .
In a similar way we derive the corresponding expression for the foreign country:

bY F
t =

µ
Y F
t − Y

Y

¶
− 1
2

µ
Y F
t − Y

Y

¶2
+O ¡kξk3¢

=
h
ξc

³
−nbTt + bCW

t

´
+ (1− ξc) bGF

t

i
+1
2
n2ξc (1− ξc) bT 2t + 1

2
ξc (1− ξc)

³ bCW
t

´2
+ 1

2
ξc (1− ξc)

³ bGF
t

´2
−nξc (1− ξc) bTt bCW

t + ξc (1− ξc)nbTt bGF
t

−ξc (1− ξc) bCW
t
bGF
t +O

¡kξk3¢ .
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D.2.2 Continuation of approximation

To further work out the approximation of the welfare loss function, it is useful to obtain

some expressions, before actually making the substitutions. We have, using the above

expressions:

bY W
t =

h
ξc bCW

t + (1− ξc) bGW
t

i
+ 1

2
n (1− n) ξc (1− ξc) bT 2t

+1
2
ξc (1− ξc)

·
n
³ bCW

t − bGH
t

´2
+ (1− n)

³ bCW
t − bGF

t

´2¸
+ξc (1− ξc)n (1− n) bTt bGR

t +O
¡kξk3¢ ,

Further, ³bY H
t

´2
=

h
ξc

³
(1− n) bTt + bCW

t

´
+ (1− ξc) bGH

t

i2
+O ¡kξk3¢ ,³bY F

t

´2
=

h
ξc

³
−nbTt + bCW

t

´
+ (1− ξc) bGF

t

i2
+O ¡kξk3¢ .

Hence,

n
³bY H

t

´2
+ (1− n)

³bY F
t

´2
= nξ2c

h
(1− n) bTt + bCW

t

i2
+ (1− n) ξ2c

h
−nbTt + bCW

t

i2
+2nξc (1− ξc)

h
(1− n) bTt + bCW

t

i bGH
t + 2 (1− n) ξc (1− ξc)

h
−nbTt + bCW

t

i bGF
t

+n (1− ξc)
2
³ bGH

t

´2
+ (1− n) (1− ξc)

2
³ bGH

t

´2
+O ¡kξk3¢

= nξ2c

·
(1− n)2 bT 2t + 2 (1− n) bTt bCW

t +
³ bCW

t

´2¸
+ (1− n) ξ2c

·
n2 bT 2t − 2nbTt bCW

t +
³ bCW

t

´2¸
+2ξc (1− ξc)

h bCW
t
bGW
t − n (1− n) bTt bGR

t

i
+n (1− ξc)

2
³ bGH

t

´2
+ (1− n) (1− ξc)

2
³ bGH

t

´2
+O ¡kξk3¢ .

Hence,

n
³bY H

t

´2
+ (1− n)

³bY F
t

´2
= n (1− n) ξ2c bT 2t + ξ2c

³ bCW
t

´2
+ 2ξc (1− ξc)

h bCW
t
bGW
t − n (1− n) bTt bGR

t

i
+(1− ξc)

2

·
n
³ bGH

t

´2
+ (1− n)

³ bGF
t

´2¸
+O ¡kξk3¢

= n (1− n) ξ2c bT 2t − 2ξc (1− ξc)n (1− n) bTt bGR
t +

n

·
ξ2c

³ bCW
t

´2
+ 2ξc (1− ξc) bCW

t
bGH
t + (1− ξc)

2
³ bGH

t

´2¸
(1− n)

·
ξ2c

³ bCW
t

´2
+ 2ξc (1− ξc) bCW

t
bGF
t + (1− ξc)

2
³ bGF

t

´2¸
+O ¡kξk3¢ .
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Further,

SH
t
bY H
t = SH

t

h
ξc

³
(1− n) bTt + bCW

t

´
+ (1− ξc) bGH

t

i
+O ¡kξk3¢ ,

SF
t
bY F
t = SF

t

h
ξc

³
−nbTt + bCW

t

´
+ (1− ξc) bGF

t

i
+O ¡kξk3¢ .

Hence,

η
h
nSH

t
bY H
t + (1− n)SF

t
bY F
t

i
= ηnSH

t

h
ξc

³
(1− n) bTt + bCW

t

´
+ (1− ξc) bGH

t

i
+η (1− n)SF

t

h
ξc

³
−nbTt + bCW

t

´
+ (1− ξc) bGF

t

i
+O ¡kξk3¢

= −ηξc (1− n)nbTtSR
t + ηξc bCW

t SW
t

+η (1− ξc)
h
nSH

t
bGH
t + (1− n)SF

t
bGF
t

i
+O ¡kξk3¢ .

We can now start to make substitutions into (A.3). First, substitute the expression forbY W
t and observe that the linear terms cancel. Thus, we have:

wt

UCC

= 1
2
(1− ρ)

³ bCW
t

´2
− ρDW

t
bCW
t + 1−ξc

2ξc

¡
1− ρg

¢ ·
n
³ bGH

t

´2
+ (1− n)

³ bGF
t

´2¸
− 1
2ξc

A− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ . (A.4)

where

A ≡ n (1− n) ξc (1− ξc) bT 2t + 2n (1− n) ξc (1− ξc) bTt bGR
t

+ξc (1− ξc)

·
n
³ bCW

t − bGH
t

´2
+ (1− n)

³ bCW
t − bGF

t

´2¸
+(1 + η)n (1− n) ξ2c bT 2t − 2 (1 + η) ξc (1− ξc)n (1− n) bTt bGR

t

+(1 + η)n

·
ξ2c

³ bCW
t

´2
+ 2ξc (1− ξc) bCW

t
bGH
t + (1− ξc)

2
³ bGH

t

´2¸
+(1 + η) (1− n)

·
ξ2c

³ bCW
t

´2
+ 2ξc (1− ξc) bCW

t
bGF
t + (1− ξc)

2
³ bGF

t

´2¸
−2η

h
nSH

t
bY H
t + (1− n)SF

t
bY F
t

i
.
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Substitute this back into (A.4), to give:

wt

UCC
= 1

2
(1− ρ)

³ bCW
t

´2
− ρDW

t
bCW
t + n1−ξc

2ξc

¡
1− ρg

¢ ³ bGH
t

´2
− n1−ξc

2

³ bCW
t − bGH

t

´2
+(1− n) 1−ξc

2ξc

¡
1− ρg

¢ ³ bGF
t

´2
− (1− n) 1−ξc

2

³ bCW
t − bGF

t

´2
−n1+η

2ξc

·
ξ2c

³ bCW
t

´2
+ (1− ξc)

2
³ bGH

t

´2
+ 2ξc (1− ξc) bCW

t
bGH
t

¸
− (1− n) 1+η

2ξc

·
ξ2c

³ bCW
t

´2
+ 2ξc (1− ξc) bCW

t
bGF
t + (1− ξc)

2
³ bGF

t

´2¸
−1
2
n (1− n) (1− ξc) bT 2t − n (1− n) (1− ξc) bTt bGR

t

−1
2
(1 + η)n (1− n) ξc bT 2t + (1 + η) (1− ξc)n (1− n) bTt bGR

t

+ η
ξc

h
nSH

t
bY H
t + (1− n)SF

t
bY F
t

i
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ .

Hence,

wt
UCC

= 1
2
[1− ρ− ξc (1 + η)]

³ bCW
t

´2
+ n1−ξc

2ξc

£
1− ρg − (1− ξc) (1 + η)

¤ ³ bGH
t

´2
+(1− n) 1−ξc

2ξc

£
1− ρg − (1− ξc) (1 + η)

¤ ³ bGF
t

´2
− (1 + η) (1− ξc) bCW

t
bGW
t − n1−ξc

2

³ bCW
t − bGH

t

´2
− (1− n) 1−ξc

2

³ bCW
t − bGF

t

´2
−1
2
n (1− n) (1 + ηξc) bT 2t + ηn (1− n) (1− ξc) bTt bGR

t

+ η
ξc

h
nSH

t
bY H
t + (1− n)SF

t
bY F
t

i
− ρDW

t
bCW
t

− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ .

Hence,

wt

UCC
= 1

2
[1− ρ− ξc (1 + η)]

³ bCW
t

´2
+ n1−ξc

2ξc

£
1− ρg − (1− ξc) (1 + η)

¤ ³ bGH
t

´2
+(1− n) 1−ξc

2ξc

£
1− ρg − (1− ξc) (1 + η)

¤ ³ bGF
t

´2
− (1 + η) (1− ξc) bCW

t
bGW
t − n1−ξc

2

³ bCW
t − bGH

t

´2
− (1− n) 1−ξc

2

³ bCW
t − bGF

t

´2
−1
2
n (1− n) (1 + ηξc) bT 2t + ηn (1− n) (1− ξc) bTt bGR

t

− ¡ρDW
t − ηSW

t

¢ bCW
t − η (1− n)nbTtSR

t +
η
ξc
(1− ξc)

h
nSH

t
bGH
t + (1− n)SF

t
bGF
t

i
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ .
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Hence,

wt

UCC
= −1

2
(ρ+ η)

³ bCW
t

´2
+ 1

2
(1− ξc) (1 + η)

³ bCW
t

´2
−n 1−ξc

2ξc

¡
ρg + η

¢ ³ bGH
t

´2
+ n1

2
(1− ξc) (1 + η)

³ bGH
t

´2
− (1− n) 1−ξc

2ξc

¡
ρg + η

¢ ³ bGF
t

´2
+ (1− n) 1

2
(1− ξc) (1 + η)

³ bGF
t

´2
− (1 + η) (1− ξc) bCW

t
bGW
t − n1−ξc

2

³ bCW
t − bGH

t

´2
− (1− n) 1−ξc

2

³ bCW
t − bGF

t

´2
−1
2
n (1− n) (1 + ηξc) bT 2t + ηn (1− n) (1− ξc) bTt bGR

t

− ¡ρDW
t − ηSW

t

¢ bCW
t − η (1− n)nbTtSR

t +
η
ξc
(1− ξc)

h
nSH

t
bGH
t + (1− n)SF

t
bGF
t

i
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ .

Hence,

wt
UCC

= −1
2
(ρ+ η)

³ bCW
t

´2
+ n1

2
(1− ξc) (1 + η)

³ bCW
t − bGH

t

´2
− n1−ξc

2

³ bCW
t − bGH

t

´2
+(1− n) 1

2
(1− ξc) (1 + η)

³ bCW
t − bGF

t

´2
− (1− n) 1−ξc

2

³ bCW
t − bGF

t

´2
−n 1−ξc

2ξc

¡
ρg + η

¢ ³ bGH
t

´2
− (1− n) 1−ξc

2ξc

¡
ρg + η

¢ ³ bGF
t

´2
−1
2
n (1− n) (1 + ηξc) bT 2t + ηn (1− n) (1− ξc) bTt bGR

t

− ¡ρDW
t − ηSW

t

¢ bCW
t − η (1− n)nbTtSR

t +
η
ξc
(1− ξc)

h
nSH

t
bGH
t + (1− n)SF

t
bGF
t

i
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ .

Hence,

wt

UCC
= −1

2
(ρ+ η)

³ bCW
t

´2
− 1−ξc

2ξc

¡
ρg + η

¢ ·
n
³ bGH

t

´2
+ (1− n)

³ bGF
t

´2¸
+1
2
(1− ξc) η

·
n
³ bCW

t − bGH
t

´2
+ (1− n)

³ bCW
t − bGF

t

´2¸
−1
2
n (1− n) (1 + ηξc) bT 2t + ηn (1− n) (1− ξc) bTt bGR

t

− ¡ρDW
t − ηSW

t

¢ bCW
t − η (1− n)nbTtSR

t +
η
ξc
(1− ξc)

h
nSH

t
bGH
t + (1− n)SF

t
bGF
t

i
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ .
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Now, express everything in terms of gaps:

wt

UCC

= −1
2
(ρ+ η)

³ bCW
t − eCW

t

´2
− 1−ξc

2ξc

¡
ρg + η

¢ ·
n
³ bGH

t − eGH
t

´2
+ (1− n)

³ bGF
t − eGF

t

´2¸
+1
2
(1− ξc) η

·
n
³ bCW

t − eCW
t −

³ bGH
t − eGH

t

´´2
+ (1− n)

³ bCW
t − eCW

t −
³ bGF

t − eGF
t

´´2¸
−1
2
n (1− n) (1 + ηξc)

³bTt − eTt´2 + ηn (1− n) (1− ξc)
³bTt − eTt´³ bGR

t − eGR
t

´
− (ρ+ η) bCW

t
eCW
t − n1−ξc

ξc

¡
ρg + η

¢ bGH
t
eGH
t − (1− n) 1−ξc

ξc

¡
ρg + η

¢ bGF
t
eGF
t

+n (1− ξc) η bCW
t
eCW
t − n (1− ξc) η bCW

t
eGH
t − n (1− ξc) η eCW

t
bGH
t + n (1− ξc) η eGH

t
bGH
t

+(1− n) (1− ξc) η bCW
t
eCW
t − (1− n) (1− ξc) η bCW

t
eGF
t − (1− n) (1− ξc) η eCW

t
bGF
t

+(1− n) (1− ξc) η eGF
t
bGF
t

−n (1− n) (1 + ηξc) bTt eTt + ηn (1− n) (1− ξc) eTt bGR
t + ηn (1− n) (1− ξc) bTt eGR

t

− ¡ρDW
t − ηSW

t

¢ bCW
t − η (1− n)nbTtSR

t +
η
ξc
(1− ξc)

h
nSH

t
bGH
t + (1− n)SF

t
bGF
t

i
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ ,

where products of natural levels of variables have been put into the “t.i.p.”. Simplify the

previous expression:

wt

UCC

= −1
2
(ρ+ ηξc)

³ bCW
t − eCW

t

´2
− n1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGH
t − eGH

t

´2
− (1− n) 1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGF
t − eGF

t

´2
− n (1− ξc) η

³ bCW
t − eCW

t

´³ bGH
t − eGH

t

´
− (1− n) (1− ξc) η

³ bCW
t − eCW

t

´³ bGF
t − eGF

t

´
−1
2
n (1− n) (1 + ηξc)

³bTt − eTt´2 + ηn (1− n) (1− ξc)
³bTt − eTt´³ bGR

t − eGR
t

´
− (ρ+ ηξc) bCW

t
eCW
t − (1− ξc) η bCW

t
eGW
t − (1− ξc) η eCW

t
bGW
t

−n1−ξc
ξc

£
ρg + η (1− ξc)

¤ bGH
t
eGH
t − (1− n) 1−ξc

ξc

£
ρg + η (1− ξc)

¤ bGF
t
eGF
t

−n (1− n) (1 + ηξc) bTt eTt + ηn (1− n) (1− ξc) eTt bGR
t + ηn (1− n) (1− ξc) bTt eGR

t

− ¡ρDW
t − ηSW

t

¢ bCW
t − η (1− n)nbTtSR

t +
η
ξc
(1− ξc)

h
nSH

t
bGH
t + (1− n)SF

t
bGF
t

i
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ ,
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We can rewrite this expression further as:

wt

UCC

= −1
2
(ρ+ ηξc)

³ bCW
t − eCW

t

´2
− n1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGH
t − eGH

t

´2
− (1− n) 1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGF
t − eGF

t

´2
− n (1− ξc) η

³ bCW
t − eCW

t

´³ bGH
t − eGH

t

´
− (1− n) (1− ξc) η

³ bCW
t − eCW

t

´³ bGF
t − eGF

t

´
−1
2
n (1− n) (1 + ηξc)

³bTt − eTt´2 + ηn (1− n) (1− ξc)
³bTt − eTt´³ bGR

t − eGR
t

´
+ACW

bCW
t +AGH

bGH
t +AGF

bGF
t +AT

bTt
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ ,

where

ACW = − (ρ+ ηξc) eCW
t − (1− ξc) η eGW

t −
¡
ρDW

t − ηSW
t

¢
= −ρDW

t + ηSW
t − (ρ+ η) eCW

t + (1− ξc) η
³ eCW

t − eGW
t

´
,

AGH = −n (1− ξc) η eCW
t − n1−ξc

ξc

£
ρg + η (1− ξc)

¤ eGH
t − ηn (1− n) (1− ξc) eTt + η

ξc
(1− ξc)nS

H
t ,

AGF = − (1− n) (1− ξc) η eCW
t − (1− n) 1−ξc

ξc

£
ρg + η (1− ξc)

¤ eGF
t + ηn (1− n) (1− ξc) eTt

+ η
ξc
(1− ξc) (1− n)SF

t ,

AT = −n (1− n) (1 + ηξc) eTt + ηn (1− n) (1− ξc) eGR
t − η (1− n)nSR

t .

We shall now work out these coefficients. However, before doing so, we make use of

eGW
t =

ηρ

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

¡
SW
t + ξcD

W
t

¢
,

eCW
t =

ηρg
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

SW
t −

ρ
£
ρg + η (1− ξc)

¤
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

DW
t ,

so that

eCW
t − eGW

t =
ηρg

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

SW
t −

ρ
£
ρg + η (1− ξc)

¤
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

DW
t

− ηρ

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

¡
SW
t + ξcD

W
t

¢
=

η
¡
ρg − ρ

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

SW
t −

ρ
¡
ρg + η

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

DW
t ,
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and

− 1
ξc

¡
ρg + η

¢ eGW
t − η

³ eCW
t − eGW

t

´
+

η

ξc
SW
t

= − 1
ξc

¡
ρg + η

¢ ηρ

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

¡
SW
t + ξcD

W
t

¢
−η
"

η
¡
ρg − ρ

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

SW
t −

ρ
¡
ρg + η

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

DW
t

#
+
η

ξc
SW
t

= −
"
1

ξc

ηρ
¡
ρg + η

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

+
η2
¡
ρg − ρ

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

− η

ξc

#
SW
t

−
"

ηρ
¡
ρg + η

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

− ηρ
¡
ρg + η

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

#
DW

t

= − 1
ξc

η

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

£
ρ
¡
ρg + η

¢
+ ξcη

¡
ρg − ρ

¢− ρ
£
ρg + η (1− ξc)

¤− ηξcρg
¤
SW
t

= − 1
ξc

η

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

£
ρ
¡
ρg + η

¢− ξcηρ− ρ
£
ρg + η (1− ξc)

¤¤
SW
t

= − 1
ξc

η

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

£
ρ
¡
ρg + η

¢− ρ
£
ρg + η

¤¤
SW
t

= 0.

18



Hence,

ACW = −ρDW
t + ηSW

t − (ρ+ η) eCW
t + (1− ξc) η

³ eCW
t − eGW

t

´
= −ρDW

t + ηSW
t

− (ρ+ η)

"
ηρg

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

SW
t −

ρ
£
ρg + η (1− ξc)

¤
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

DW
t

#

+(1− ξc) η

"
η
¡
ρg − ρ

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

SW
t −

ρ
¡
ρg + η

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

DW
t

#

= η

"
1− (ρ+ η) ρg

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

+
(1− ξc) η

¡
ρg − ρ

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

#
SW
t

−ρ
"
1−

£
ρg + η (1− ξc)

¤
(ρ+ η)

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

+
(1− ξc) η

¡
ρg + η

¢
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

#
DW

t

=
η

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

£
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg − (ρ+ η) ρg + (1− ξc) η

¡
ρg − ρ

¢¤
− ρ

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

·
ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

− £ρg + η (1− ξc)
¤
(ρ+ η) + (1− ξc) η

¡
ρg + η

¢ ¸DW
t

=
η

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

£
ρρg + ηξcρg − (ρ+ η) ρg + (1− ξc) ηρg

¤
SW
t

− ρ

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

£
ρρg + ηξcρg − ρg (ρ+ η)− η2 (1− ξc) + (1− ξc) η

¡
ρg + η

¢¤
= − ρ

ρ
£
ρg + η (1− ξc)

¤
+ ηξcρg

£
ηξcρg − ρgη + (1− ξc) ηρg

¤
DW

t

= 0.

and, noting that eGH
t = eGW

t − (1− n) eGR
t , S

H
t = SW

t − (1− n)SR
t and eTt = −ρg eGR

t :

1
n
AGH = − (1− ξc) η eCW

t − 1−ξc
ξc

£
ρg + η (1− ξc)

¤ h eGW
t − (1− n) eGR

t

i
+ηρg (1− n) (1− ξc) eGR

t +
η
ξc
(1− ξc)

£
SW
t − (1− n)SR

t

¤
= −1− ξc

ξc

¡
ρg + η

¢ eGW
t − (1− ξc) η

³ eCW
t − eGW

t

´
+

η (1− ξc)

ξc
SW
t

+1−ξc
ξc

£
ρg + η (1− ξc)

¤
(1− n) eGR

t + ηρg (1− n) (1− ξc) eGR
t − η

ξc
(1− ξc) (1− n)SR

t

= 0 +
(1− n) (1− ξc)

ξc

n£¡
ρg + η (1− ξc)

¢
+ ηρgξc

¤ eGR
t − ηSR

t

o
= 0 + 0 = 0,

and, noting that eGF
t = eGW

t + n eGR
t , S

F
t = SW

t + nSR
t and eTt = −ρg eGR

t :

1
1−nAGF = − (1− ξc) η eCW

t − 1−ξc
ξc

£
ρg + η (1− ξc)

¤ h eGW
t + n eGR

t

i
−ηρgn (1− ξc) eGR

t +
η
ξc
(1− ξc)

¡
SW
t + nSR

t

¢
= 0− n(1−ξc)

ξc

h£
ρg + η (1− ξc)

¤ eGR
t + ηρgξc eGR

t − ηSR
t

i
= 0 + 0 = 0.
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and, noting that eTt = −ρg eGR
t :

AT = −n (1− n) (1 + ηξc) eTt + ηn (1− n) (1− ξc) eGR
t − η (1− n)nSR

t

= −n (1− n)
h
(1 + ηξc) eTt − η (1− ξc) eGR

t + ηSR
t

i
= n (1− n)

h
(1 + ηξc) ρg eGR

t + η (1− ξc) eGR
t − ηSR

t

i
= 0 + 0.

Concluding, we have that:

wt
UCC

= −1
2
(ρ+ ηξc)

³ bCW
t − eCW

t

´2
− n 1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGH
t − eGH

t

´2
− (1− n) 1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGF
t − eGF

t

´2
− n (1− ξc) η

³ bCW
t − eCW

t

´³ bGH
t − eGH

t

´
− (1− n) (1− ξc) η

³ bCW
t − eCW

t

´³ bGF
t − eGF

t

´
−1
2
n (1− n) (1 + ηξc)

³bTt − eTt´2 + ηn (1− n) (1− ξc)
³bTt − eTt´³ bGR

t − eGR
t

´
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ ,

Hence,

wt
UCC

= −1
2
(ρ+ ηξc)

³ bCW
t − eCW

t

´2
− n 1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGH
t − eGH

t

´2
− (1− n) 1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGF
t − eGF

t

´2
− n (1− ξc) η

³ bCW
t − eCW

t

´³ bGH
t − eGH

t

´
− (1− n) (1− ξc) η

³ bCW
t − eCW

t

´³ bGF
t − eGF

t

´
−1
2
n (1− n) (1 + ηξc)

³bTt − eTt´2 + ηn (1− n) (1− ξc)
³bTt − eTt´³ bGR

t − eGR
t

´
− 1
2ξc

1+ησ
σ
[nVarhbyt (h) + (1− n)Varfbyt (f)] + t.i.p.+O ¡kξk3¢ .

The final step is to derive Varhbyt (h) and Varfbyt (f). We have that
varh [log yt (h)] = σ2varh [log pt (h)] .

We have

varh [log pt (h)] = varh [log pt (h)− p̄t−1] = Eh [log pt (h)− p̄t−1]
2 − (∆p̄t)

2

= αHEh [log pt−1 (h)− p̄t−1]
2 +

¡
1− αH

¢
[log p̃t (h)− p̄t−1]

2 − (∆p̄t)
2

= αHvarh [log pt−1 (h)] +
¡
1− αH

¢
[log p̃t (h)− p̄t−1]

2 − (∆p̄t)
2 ,

where

p̄t ≡ Eh [log pt (h)] .
Further,

p̄t − p̄t−1 =
¡
1− αH

¢
[log p̃t (h)− p̄t−1] .

Hence,

varh [log pt (h)] = αHvarh [log pt−1 (h)] + αH

1−αH (∆p̄t)
2 .
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Using

p̄t = logPH,t +O
¡kξk2¢ ,

we have:

varh [log pt (h)] = αHvarh [log pt−1 (h)] + αH

1−αH
¡
πHt
¢2
+O ¡kξk3¢ .

Hence,

varh [log pt (h)] =
¡
αH
¢t+1

varh [log p−1 (h)] +
tX

s=0

¡
αH
¢t−s αH

1−αH
¡
πHs
¢2
+O ¡kξk3¢

=
tX

s=0

¡
αH
¢t−s αH

1−αH
¡
πHs
¢2
+ t.i.p.+O ¡kξk3¢ .

Hence,
∞X
t=1

βt−1varh [log pt (h)] = dH
∞X
t=1

βt−1
¡
πHt
¢2
+ t.i.p.+O ¡kξk3¢ ,

where

dH ≡ αH

(1− αHβ) (1− αH)
.

Similarly, we derive for Foreign:
∞X
t=1

βt−1varf [log pt (f)] = dF
∞X
t=1

βt−1
¡
πFt
¢2
+ t.i.p.+O ¡kξk3¢ ,

where

dF ≡ αF

(1− αFβ) (1− αF )
.

Hence, the second-order welfare approximation is given by:
∞X
t=1

βt−1E0 [wt] ,

where

wt
UCC

= −1
2
(ρ+ ηξc)

³ bCW
t − eCW

t

´2
− n 1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGH
t − eGH

t

´2
− (1− n) 1−ξc

2ξc

£
ρg + η (1− ξc)

¤ ³ bGF
t − eGF

t

´2
− (1− ξc) η

³ bCW
t − eCW

t

´³ bGW
t − eGW

t

´
−1
2
n (1− n) (1 + ηξc)

³bTt − eTt´2 + ηn (1− n) (1− ξc)
³bTt − eTt´³ bGR

t − eGR
t

´
− 1
2ξc

1+ησ
σ

h
nσ2dH

¡
πHt
¢2
+ (1− n) σ2dF

¡
πFt
¢2i

+ t.i.p.+O ¡kξk3¢ .
Hence,

wt =
1
2
UCC (1 + ησ) σ/ξc ∗

−ξc(ρ+ηξc)
(1+ησ)σ

³ bCW
t − eCW

t

´2
− n(1−ξc)[ρg+η(1−ξc)]

(1+ησ)σ

³ bGH
t − eGH

t

´2
− (1−n)(1−ξc)[ρg+η(1−ξc)]

(1+ησ)σ

³ bGF
t − eGF

t

´2
− 2ξc(1−ξc)η

(1+ησ)σ

³ bCW
t − eCW

t

´³ bGW
t − eGW

t

´
−n(1−n)ξc(1+ηξc)

(1+ησ)σ

³bTt − eTt´2 + 2ηn(1−n)ξc(1−ξc)
(1+ησ)σ

³bTt − eTt´³ bGR
t − eGR

t

´
−
h
ndH

¡
πHt
¢2
+ (1− n) dF

¡
πFt
¢2i

+ t.i.p.+O ¡kξk3¢


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Observing that
£
ndH + (1− n) dF

¤
=
£
n/kH + (1− n) /kF

¤
/ (1 + ησ), ignoring an irrele-

vant proportionality factor and the terms independent of policy, the second-order welfare

loss approximation is given by:

L =
∞X
t=1

βt−1E0 [Lt] ,

where

Lt = λC
³ bCW

t − eCW
t

´2
+ λT

³bTt − eTt´2 + λHG

³ bGH
t − eGH

t

´2
+ λFG

³ bGF
t − eGF

t

´2
+ λHπ

¡
πHt
¢2
+

λFπ
¡
πFt
¢2
+ λCG

³ bCW
t − eCW

t

´³ bGW
t − eGW

t

´
− λTG

³bTt − eTt´³ bGR
t − eGR

t

´
.

and

λC ≡ ξc (ρ+ ηξc) , λT ≡ n (1− n) ξc (1 + ηξc) , λHG ≡ n (1− ξc)
£
ρg + η (1− ξc)

¤
,

λFG ≡ (1− n) (1− ξc)
£
ρg + η (1− ξc)

¤
, λHπ ≡ nσ/kH , λFπ ≡ (1− n) σ/kF ,

λCG ≡ 2ξc (1− ξc) η, λTG ≡ 2n (1− n) ξc (1− ξc) η.

E Optimal commitment policies with equal rigidities

For convenience, let us define:

kHT ≡ kH (1 + ηξc) , kFT ≡ kF (1 + ηξc) ,

kHC ≡ kH (ρ+ ηξc) , kFC ≡ kF (ρ+ ηξc) ,

kHG ≡ kHη (1− ξc) , kFG ≡ kFη (1− ξc) ,

Because rigidities are equal, we further define:

α ≡ αH = αF , k ≡ kH = kF ,

kT ≡ kHT = kFT , kC ≡ kHC = kFC ,

kG ≡ kHG = kFG,

so that we can write (30) and (31) as, respectively:

πHt = βEtπHt+1 + (1− n) kT
³bTt − eTt´+ kC

³ bCW
t − eCW

t

´
+ kG

³ bGH
t − eGH

t

´
, (A.5)

πFt = βEtπFt+1 − nkT

³bTt − eTt´+ kC

³ bCW
t − eCW

t

´
+ kG

³ bGF
t − eGF

t

´
. (A.6)

To solve for the optimal policies under commitment we set up the relevant Lagrangian

(see, e.g., Woodford, 1999a):

L = E1
∞X
t=1

βt−1 {Lt

+2φ1,t

h
πHt − βπHt+1 − kT (1− n)

³bTt − eTt´− kC
³ bCW

t − eCW
t

´
− kG

³ bGH
t − eGH

t

´i
+2φ2,t

h
πFt − βπFt+1 + kTn

³bTt − eTt´− kC

³ bCW
t − eCW

t

´
− kG

³ bGF
t − eGF

t

´i
+2φ3,t

h³bTt − eTt´− ³bTt−1 − eTt−1´− πFt + πHt +
³eTt − eTt−1´io ,
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where 2φ1,t, 2φ2,t, and 2φ3,t are the multipliers on (A.5), (A.6), and (32), respectively, and

Lt is given by (34). Optimizing over bCW
t − eCW

t , bTt− eTt, πHt , πFt , bGH
t − eGH

t , and bGF
t − eGF

t

yields the following six necessary first-order conditions for t ≥ 1,

λC

³ bCW
t − eCW

t

´
+ λCG

³ bGW
t − eGW

t

´
− φ1,tkC − φ2,tkC = 0,

λT
³bTt − eTt´− λTG

³ bGR
t − eGR

t

´
− φ1,tkT (1− n) + φ2,tkTn+ φ3,t − βφ3,t+1 = 0,

λπHπ
H
t + φ1,t − φ1,t−1 + φ3,t = 0,

λπFπ
F
t + φ2,t − φ2,t−1 − φ3,t = 0,

nλG
³ bGH

t − eGH
t

´
+ nλCG

³ bCW
t − eCW

t

´
+ λTG

³bTt − eTt´− φ1,tkG = 0,

(1− n)λG

³ bGF
t − eGF

t

´
+ (1− n)λCG

³ bCW
t − eCW

t

´
− λTG

³bTt − eTt´− φ2,tkG = 0.

Use the values of the loss function parameters to get

(kCξc/σ)
³ bCW

t − eCW
t

´
+ (kGξc/σ)

³ bGW
t − eGW

t

´
− ¡φ1,t + φ2,t

¢
kC = 0,

(kTn (1− n) ξc/σ)
³bTt − eTt´− (kGn (1− n) ξc/σ)

³ bGR
t − eGR

t

´
−φ1,tkT (1− n) + φ2,tkTn+ φ3,t − βφ3,t+1 = 0,

nπHt + φ1,t − φ1,t−1 + φ3,t = 0,

(1− n) πFt + φ2,t − φ2,t−1 − φ3,t = 0,

n
¡
kG
£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGH

t − eGH
t

´
+ n (kGξc/σ)

³ bCW
t − eCW

t

´
+(kGn (1− n) ξc/σ)

³bTt − eTt´− φ1,tkG = 0,

(1− n)
¡
kG
£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGF

t − eGF
t

´
+ (1− n) (kGξc/σ)

³ bCW
t − eCW

t

´
− (kGn (1− n) ξc/σ)

³bTt − eTt´− φ2,tkG = 0.

Hence,

(ξc/σ)
³ bCW

t − eCW
t

´
+

µ
kG
kC

ξc/σ

¶³ bGW
t − eGW

t

´
− ¡φ1,t + φ2,t

¢
= 0, (A.7)

(kTn (1− n) ξc/σ)
³bTt − eTt´− (kGn (1− n) ξc/σ)

³ bGR
t − eGR

t

´
−φ1,tkT (1− n) + φ2,tkTn+ φ3,t − βφ3,t+1 = 0,

nπHt + φ1,t − φ1,t−1 + φ3,t = 0, (A.8)

(1− n) πFt + φ2,t − φ2,t−1 − φ3,t = 0, (A.9)

n
¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGH

t − eGH
t

´
+ n (ξc/σ)

³ bCW
t − eCW

t

´
+(n (1− n) ξc/σ)

³bTt − eTt´− φ1,t = 0, (A.10)
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(1− n)
¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGF

t − eGF
t

´
+ (1− n) (ξc/σ)

³ bCW
t − eCW

t

´
− (n (1− n) ξc/σ)

³bTt − eTt´− φ2,t = 0. (A.11)

Adding the last two conditions gives¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGW

t − eGW
t

´
+ (ξc/σ)

³ bCW
t − eCW

t

´
= φ1,t + φ2,t.

Combine this with the first equation:

(ξc/σ)
³ bCW

t − eCW
t

´
+

µ
kG
kC

ξc/σ

¶³ bGW
t − eGW

t

´
= φ1,t + φ2,t,

to get ¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGW

t − eGW
t

´
+ (ξc/σ)

³ bCW
t − eCW

t

´
= (ξc/σ)

³ bCW
t − eCW

t

´
+

µ
kG
kC

ξc/σ

¶³ bGW
t − eGW

t

´
⇒

¡£
ρg/η + (1− ξc)

¤¢ ³ bGW
t − eGW

t

´
=

µ
kG
kC

ξc

¶³bGW
t − eGW

t

´
,

from which it follows that bGW
t − eGW

t = 0,

unless

ρg/η + (1− ξc) =
kG
kC

ξc ⇔

ρg/η + (1− ξc) =
η (1− ξc)

(ρ+ ηξc)
ξc ⇔

ρg (ρ+ ηξc) /η + (1− ξc) (ρ+ ηξc) = η (1− ξc) ξc ⇔
ρgρ/η + ρgξc + (1− ξc) (ρ+ ηξc − ηξc) = 0⇔

ρg/η + ρgξc/ρ+ (1− ξc) = 0,

which is never the case. Hence, the world government spending gap is closed under the

optimal plan.

Adding (A.8) and (A.9) yields

πWt +
¡
φ1,t + φ2,t

¢− ¡φ1,t−1 + φ2,t−1
¢
= 0,

and, therefore, by (A.7)

πWt = − (ξc/σ)
h³ bCW

t − eCW
t

´
−
³ bCW

t−1 − eCW
t−1
´i

.

We now turn to the characterization of relative variables. Equations (A.10) and (A.11)

can be rearranged to (by multiplying the first by (1− n) and multiplying the second by

n and then subtracting the first from the second)

(1− n)n
¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
− (n (1− n) ξc/σ)

³bTt − eTt´− nφ2,t + (1− n)φ1,t = 0. (A.12)
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From the “inflation equations” (A.8) and (A.9) we get

(1− n)nπRt + n
¡
φ2,t − φ2,t−1

¢− (1− n)
¡
φ1,t − φ1,t−1

¢− φ3,t = 0⇔

(1− n)nπRt + nφ2,t − (1− n)φ1,t − nφ2,t−1 + (1− n)φ1,t−1 − φ3,t = 0.

Therefore,

(1− n)nπRt + (1− n)n
¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
− (n (1− n) ξc/σ)

³bTt − eTt´
− (1− n)n

¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t−1 − eGR
t−1
´
+ (n (1− n) ξc/σ)

³bTt−1 − eTt−1´ = φ3,t,

(1− n)nπRt + (1− n)n
¡£
ρg/η + (1− ξc)

¤
/σ
¢ h³ bGR

t − eGR
t

´
−
³ bGR

t−1 − eGR
t−1
´i

− (n (1− n) ξc/σ)
h³bTt − eTt´− ³bTt−1 − eTt−1´i = φ3,t,

πRt +
¡£
ρg/η + (1− ξc)

¤
/σ
¢ h³ bGR

t − eGR
t

´
−
³ bGR

t−1 − eGR
t−1
´i

− (ξc/σ)
h³bTt − eTt´− ³bTt−1 − eTt−1´i = φ3,t,

or, by use of (32),

πRt +
¡£
ρg/η + (1− ξc)

¤
/σ
¢ h³ bGR

t − eGR
t

´
−
³ bGR

t−1 − eGR
t−1
´i

− (ξc/σ)
h
πRt −

³eTt − eTt−1´i = φ3,t,

which becomes

πRt (1− ξc/σ) +
¡£
ρg/η + (1− ξc)

¤
/σ
¢ h³ bGR

t − eGR
t

´
−
³ bGR

t−1 − eGR
t−1
´i

+(ξc/σ)
³eTt − eTt−1´ = φ3,t.

Now examine

(kTn (1− n) ξc/σ)
³bTt − eTt´− (kGn (1− n) ξc/σ)

³ bGR
t − eGR

t

´
−φ1,tkT (1− n) + φ2,tkTn+ φ3,t − βφ3,t+1 = 0⇔

(n (1− n) ξc/σ)
³bTt − eTt´−µkG

kT
n (1− n) ξc/σ

¶³ bGR
t − eGR

t

´
−φ1,t (1− n) + φ2,tn+

φ3,t − βφ3,t+1
kT

= 0.

We find nφ2,t − (1− n)φ1,t from (A.12)

(1− n)n
¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
− (n (1− n) ξc/σ)

³bTt − eTt´
= nφ2,t − (1− n)φ1,t,
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to get:

(n (1− n) ξc/σ)
³bTt − eTt´−µkG

kT
n (1− n) ξc/σ

¶³ bGR
t − eGR

t

´
+(1− n)n

¡£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
− (n (1− n) ξc/σ)

³bTt − eTt´+ φ3,t − βφ3,t+1
kT

= 0

(1− n)n

·¡£
ρg/η + (1− ξc)

¤
/σ
¢− kG

kT
(ξc/σ)

¸³ bGR
t − eGR

t

´
+

φ3,t − βφ3,t+1
kT

= 0.

Using that
kG
kT
=

η (1− ξc)

1 + ηξc
,

we get

(1− n)n

σ

·
ρg/η + (1− ξc)−

η (1− ξc) ξc
1 + ηξc

¸³ bGR
t − eGR

t

´
+

φ3,t − βφ3,t+1
kT

= 0,

and then

φ3,t = βφ3,t+1 −
kT (1− n)n

σ

·
ρg/η + ξcρg + (1− ξc)

1 + ηξc

¸³ bGR
t − eGR

t

´
,

Hence,

φ3,t = −
kT (1− n)n

σ

·
ρg/η + ξcρg + (1− ξc)

1 + ηξc

¸ ∞X
i=0

βi
³ bGR

t+i − eGR
t+i

´
.

To sum up, we have

πWt = − (ξc/σ)
h³ bCW

t − eCW
t

´
−
³ bCW

t−1 − eCW
t−1
´i

, bGW
t = eGW

t ,

πRt (1− ξc/σ) +
¡£
ρg/η + (1− ξc)

¤
/σ
¢ h³ bGR

t − eGR
t

´
−
³ bGR

t−1 − eGR
t−1
´i

+(ξc/σ)
³eTt − eTt−1´ = φ3,t,

φ3,t = −
kT (1− n)n

σ

·
ρg/η + ξcρg + (1− ξc)

1 + ηξc

¸ ∞X
i=0

βi
³ bGR

t+i − eGR
t+i

´
,

which, somewhat rewritten (using (25)), is the system (39)-(41). Together with the Phillips

curves the system determines the six endogenous variables
³ bCW

t − eCW
t

´
,
³ bGH

t − eGH
t

´
,³ bGF

t − eGF
t

´
, πHt , π

F
t and φ3,t.
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F Optimal discretionary policies with equal rigidities

Before we analyze this problem, we note that for any generic variable X, the following

holds:

n
¡
XH

¢2
+ (1− n)

¡
XF
¢2
=
¡
XW

¢2
+ n (1− n)

¡
XR
¢2
.

Using this, we can rewrite Lt as:

Lt = LW
t + n (1− n)LR

t ,

where

LW
t = λWC

³ bCW
t − eCW

t

´2
+ λWG

³ bGW
t − eGW

t

´2
+
¡
πWt
¢2
+ 2λWCG

³ bCW
t − eCW

t

´³ bGW
t − eGW

t

´
,

(A.13)

LR
t = λRT

³bTt − eTt´2 + ¡πRt ¢2 + λRG

³ bGR
t − eGR

t

´2
− 2λRTG

³bTt − eTt´³ bGR
t − eGR

t

´
, (A.14)

where (having multiplied all the preference weights by the common factor k/σ, which

leaves all results unaffected):

λWC ≡ kCξc
σ

, λWG ≡
kG
£
ρg + η (1− ξc)

¤
ησ

, λWCG ≡
kGξc
σ

,

λRT ≡ kT ξc
σ

, λRG ≡
kG
£
ρg + η (1− ξc)

¤
ησ

, λRTG ≡
kGξc
σ

.

We observe that the combination (A.5) and (A.6) can be restated in terms of world

and relative variables exclusively:

πWt = βEtπWt+1 + kC

³ bCW
t − eCW

t

´
+ kG

³ bGW
t − eGW

t

´
, (A.15)

πRt = βEtπRt+1 − kT

³bTt − eTt´+ kG

³ bGR
t − eGR

t

´
. (A.16)

The problem is to minimize the stream of Lt, subject to the constraints (A.15), (A.16)

and (32). Since the nominal interest rate can be adjusted freely at no loss, we do not

treat equation (27) as a constraint, but assume that the consumption gap is treated as the

monetary policy instrument directly, which together with the world government spending

gap and the relative government spending gap forms the full set of policy instruments.

Having realized this, part of the discretionary optimization becomes simple; namely the

choice of world consumption and world government spending. Notice that these variables

do not affect the relative inflation rate, and nor do they affect the terms of trade directly;

cf. (A.16) and (32). Equally important, the variables enter the loss function additively

separable from the terms of trade and relative government spending. Hence, the optimal

choice of the consumption gap and world government spending gap can be cast as a

problem of minimizing the discounted sum of LW
t , taking as given the path of relative

inflation rates and the terms of trade, subject to (A.15). This can be labelled as the

“world part” of the problem. One can then independently of this determine the optimal
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relative spending gap as the one that minimizes the discounted sum of LR
t , taking as given

the path of world government spending, the world inflation rate and the consumption gap,

and where the minimization is subject to (A.16) and (32). This can be labelled as the

“relative part” of the problem. We now turn to solving these two parts.

F.1 “The world part”

The “world part” of the problem reduces to a sequence of static optimization problems of

the form

min
(CW

t −CW
t ),(GW

t −GW
t )

LW
t s.t. (A.15)

taking as given EtπWt+1, as the period-t consumption gap or government spending gap have

no dynamic implications.

Substitute (A.15) into (A.13). Then, the necessary and sufficient first-order conditions

for the world problem are:

(kCξc/σ)
³ bCW

t − eCW
t

´
+ kCπ

W
t + (kGξc/σ)

³ bGW
t − eGW

t

´
= 0,

¡
kG
£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGW

t − eGW
t

´
+ kGπ

W
t + (kGξc/σ)

³ bCW
t − eCW

t

´
= 0.

Reducing these equations slightly, reveals the following:

(ξc/σ)
³ bCW

t − eCW
t

´
+ πWt +

µ
kGξc
kCσ

¶³ bGW
t − eGW

t

´
= 0,¡£

ρg/η + (1− ξc)
¤
/σ
¢ ³ bGW

t − eGW
t

´
+ πWt + (ξc/σ)

³ bCW
t − eCW

t

´
= 0.

Hence, world government spending follows as

bGW
t − eGW

t = 0,

hence,1

πWt = −ξc
σ

³ bCW
t − eCW

t

´
.

F.2 The “relative part”

The “relative part” of the discretionary optimization problem involves, as mentioned, the

choice of relative government spending. For this purpose, it is important to acknowledge

that this choice only affects the relative inflation rate and the terms of trade. As these

terms enter additively in (A.14) (and relative government spending only enters multiplica-

tively with the terms of trade), the problem “reduces” to one of minimizing the discounted

1The generality of this solution requires that

kGξc
kCσ

6= £ρg/η + (1− ξc)
¤
/σ,

which is easy to confirm.
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sum of (A.14) subject to (A.16) and (32). This problem does not correspond to a sequence

of one-period problems, as the choice of
³ bGR

t − eGR
t

´
affects πRt , and thus

³bTt − eTt´ with
direct loss implications through the next period’s terms of trade (by the dynamics of (32)].

The period-t problem is therefore solved by dynamic programming with past period’s

terms-of-trade gap as the state variable. I.e., the problem is characterized by the recursion

V
³bTt−1 − eTt−1´

= min
(GR

t −GR
t )
Et−1

½
(kT ξc/σ)

³bTt − eTt´2 + ¡kG £ρg/η + (1− ξc)
¤
/σ
¢ ³ bGR

t − eGR
t

´2
+
¡
πRt
¢2 − 2 (kGξc/σ)³bTt − eTt´³ bGR

t − eGR
t

´
+ βV

³bTt − eTt´o ,
where V is the “value” function, and where the minimization is subject to (A.16) and

(32). Now, combine these constraints to

πRt = βEtπRt+1 − kT

h³bTt−1 − eTt−1´+ πRt −
³eTt − eTt−1´i

+kG
³ bGR

t − eGR
t

´
.

To proceed with the solution, assume that eTt− eTt−1 follows an AR(1) process.2 Therefore
we conjecture that the solution to the relative variables will be linear functions of the state

and driving variables. I.e., we conjecture that

πRt = −b1
³bTt−1 − eTt−1´+ b2

³eTt − eTt−1´ , (A.17)

where b1 and b2 are unknown coefficients to be determined. By use of (A.17) one obtains

relative inflation as

πRt = −b1β
³bTt − eTt´+ βEt

h
b2

³eTt+1 − eTt´i
−kT

h³bTt−1 − eTt−1´+ πRt −
³eTt − eTt−1´i+ kG

³ bGR
t − eGR

t

´
,

πRt = −b1β
h³bTt−1 − eTt−1´+ πRt −

³eTt − eTt−1´i+ βEt
h
b2
³eTt+1 − eTt´i

−kT
h³bTt−1 − eTt−1´+ πRt −

³eTt − eTt−1´i+ kG

³ bGR
t − eGR

t

´
,

πRt (1 + b1β + kT ) = − (b1β + kT )
h³bTt−1 − eTt−1´− ³eTt − eTt−1´i

+kG
³ bGR

t − eGR
t

´
+ βEt

h
b2
³eTt+1 − eTt´i ,

2As eTt − eTt−1 is a linear function of the underlying productivity shocks, we could also have assumed
that these shocks followed AR(1) (or more general) processes and formulated the conjecture in terms of
the state and all these shocks. This, however, would make the exposition more messy, without affecting
the characterization of optimal relative spending gaps; cf. below.
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πRt = − b1β + kT
1 + b1β + kT

h³bTt−1 − eTt−1´− ³eTt − eTt−1´i (A.18)

+
kG

1 + b1β + kT

³ bGR
t − eGR

t

´
+

βEt
h
b2
³eTt+1 − eTt´i

1 + b1β + kT
,

and the terms-of-trade gap as

bTt − eTt =
³bTt−1 − eTt−1´
− b1β + kT
1 + b1β + kT

h³bTt−1 − eTt−1´− ³eTt − eTt−1´i
+

kG
1 + b1β + kT

³ bGR
t − eGR

t

´
+

βEt
h
b2
³eTt+1 − eTt´i

1 + b1β + kT

−
³eTt − eTt−1´ ,

and, thus,

bTt − eTt =
1

1 + b1β + kT

h³bTt−1 − eTt−1´− ³eTt − eTt−1´i (A.19)

+
kG

1 + b1β + kT

³ bGR
t − eGR

t

´
+

βEt
h
b2

³eTt+1 − eTt´i
1 + b1β + kT

.

One can then insert (A.18) and (A.19) into the value function and obtain an unconstrained

minimization problem. The first-order condition for optimal bGR
t − eGR

t is

(kT ξc/σ)
³bTt − eTt´ ∂

³bTt − eTt´
∂
³ bGR

t − eGR
t

´ + ¡kG £ρg/η + (1− ξc)
¤
/σ
¢ ³ bGR

t − eGR
t

´
+
¡
πRt
¢ ∂πRt

∂
³ bGR

t − eGR
t

´ − (kGξc/σ)³bTt − eTt´

− (kGξc/σ)
³ bGR

t − eGR
t

´ ∂
³bTt − eTt´

∂
³ bGR

t − eGR
t

´ + 1
2
βV 0

³bTt − eTt´ ∂
³bTt − eTt´

∂
³ bGR

t − eGR
t

´
= 0,

or,

(kT ξc/σ)
³bTt − eTt´ kG

1 + b1β + kT
+
¡
kG
£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
+
¡
πRt
¢ kG
1 + b1β + kT

− (kGξc/σ)
³bTt − eTt´− (kGξc/σ)³ bGR

t − eGR
t

´ kG
1 + b1β + kT

+
1

2
βV 0

³bTt − eTt´ kG
1 + b1β + kT

= 0. (A.20)
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Differentiating the value function with respect to
³bTt−1 − eTt−1´ yields:

1

2
V 0
³bTt−1 − eTt−1´ = (kT ξc/σ)

³bTt − eTt´ ∂
³bTt − eTt´

∂
³bTt−1 − eTt−1´

+
¡
kG
£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´ ∂
³ bGR

t − eGR
t

´
∂
³bTt−1 − eTt−1´

+
¡
πRt
¢ ∂πRt

∂
³bTt−1 − eTt−1´ − (kGξc/σ)

³bTt − eTt´ ∂
³ bGR

t − eGR
t

´
∂
³bTt−1 − eTt−1´

− (kGξc/σ)
³ bGR

t − eGR
t

´ ∂
³bTt − eTt´

∂
³bTt−1 − eTt−1´

+
1

2
βV 0

³bTt − eTt´ ∂
³bTt − eTt´

∂
³bTt−1 − eTt−1´ .

By the Envelope Theorem, we eliminate all terms involving ∂
³ bGR

t − eGR
t

´
/∂
³bTt−1 − eTt−1´

[the explicit ones and those implicitly appearing in ∂
³bTt − eTt´ /∂ ³bTt−1 − eTt−1´ and

∂πRt /∂
³bTt−1 − eTt−1´] to get:
1

2
V 0
³bTt−1 − eTt−1´ = (kT ξc/σ)

³bTt − eTt´ 1

1 + b1β + kT
− πRt

b1β + kT
1 + b1β + kT

− (kGξc/σ)
³ bGR

t − eGR
t

´ 1

1 + b1β + kT

+
1

2
βV 0

³bTt − eTt´ 1

1 + b1β + kT
. (A.21)

Multiply on both sides by kG to get

kG
2
V 0
³bTt−1 − eTt−1´ = (kT ξc/σ)

³bTt − eTt´ kG
1 + b1β + kT

− πRt kG
b1β + kT

1 + b1β + kT

− (kGξc/σ)
³ bGR

t − eGR
t

´ kG
1 + b1β + kT

+
1

2
βV 0

³bTt − eTt´ kG
1 + b1β + kT

,
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and add this to (A.20):

(kT ξc/σ)
³bTt − eTt´ kG

1 + b1β + kT
+
¡
kG
£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
+¡

πRt
¢ kG
1 + b1β + kT

− (kGξc/σ)
³bTt − eTt´− (kGξc/σ)³ bGR

t − eGR
t

´ kG
1 + b1β + kT

+
1

2
βV 0

³bTt − eTt´ kG
1 + b1β + kT

+
kG
2
V 0
³bTt−1 − eTt−1´

= (kT ξc/σ)
³bTt − eTt´ kG

1 + b1β + kT
− πRt kG

b1β + kT
1 + b1β + kT

− (kGξc/σ)
³ bGR

t − eGR
t

´ kG
1 + b1β + kT

+
1

2
βV 0

³bTt − eTt´ kG
1 + b1β + kT

,

which simplifies to¡
kG
£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
+
¡
πRt
¢ kG
1 + b1β + kT

− (kGξc/σ)
³bTt − eTt´+ kG

2
V 0
³bTt−1 − eTt−1´

= −πRt kG
b1β + kT

1 + b1β + kT
,

from which one gets
1

2
V 0
³bTt−1 − eTt−1´ = (ξc/σ)³bTt − eTt´− ¡£ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
− πRt .

Forward this one period, and use it in (A.20) to eliminate the derivative of the value

function:

(kT ξc/σ)
³bTt − eTt´ kG

1 + b1β + kT
+
¡
kG
£
ρg/η + (1− ξc)

¤
/σ
¢ ³ bGR

t − eGR
t

´
+
¡
πRt
¢ kG
1 + b1β + kT

− (kGξc/σ)
³bTt − eTt´− (kGξc/σ)³ bGR

t − eGR
t

´ kG
1 + b1β + kT

+
βkG

1 + b1β + kT

h
(ξc/σ)Et

³bTt+1 − eTt+1´− ¡£ρg/η + (1− ξc)
¤
/σ
¢
Et
³ bGR

t+1 − eGR
t+1

´
− EtπRt+1

i
= 0,

and thus
ξckT

1 + b1β + kT

³bTt − eTt´+ £ρg/η + (1− ξc)
¤ ³ bGR

t − eGR
t

´
+

σ

1 + b1β + kT
πRt − ξc

³bTt − eTt´− ξckG
1 + b1β + kT

³ bGR
t − eGR

t

´
+

β

1 + b1β + kT

h
ξcEt

³bTt+1 − eTt+1´− £ρg/η + (1− ξc)
¤
Et
³ bGR

t+1 − eGR
t+1

´
− σEtπRt+1

i
= 0,

or,

− ξc (1 + b1β)

1 + b1β + kT

³bTt − eTt´+µµ− ξckG
1 + b1β + kT

¶³bGR
t − eGR

t

´
+

σ

1 + b1β + kT
πRt

+
β

1 + b1β + kT

h
ξcEt

³bTt+1 − eTt+1´− µEt
³ bGR

t+1 − eGR
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´
− σEtπRt+1

i
= 0,
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with

µ ≡ ρg/η + (1− ξc) .

This is further reduced to

−ξc (1 + b1β)
³bTt − eTt´+ (µ [1 + b1β + kT ]− ξckG)

³ bGR
t − eGR

t

´
+ σπRt

+β
h
ξcEt

³bTt+1 − eTt+1´− µEt
³ bGR

t+1 − eGR
t+1

´
− σEtπRt+1

i
= 0. (A.22)

This equation will, together with (A.18) and (A.19), provide solutions for the paths for³ bGR
t − eGR

t

´
,
³bTt − eTt´ and πRt as functions of the state and

³eTt − eTt−1´. Given the
assumption about the stochastic properties of

³eTt − eTt−1´, the solution can be character-
ized by the method of undertermined coefficients. The coefficients found in this step will

be functions of the unknown parameters b1 and b2. These are then finally identified by

equating the coefficients in the solution for πRt with those in the conjecture (A.17).

Although (A.22) is a rather involved expression, the crucial difference with the corre-

sponding relationship (40) under commitment is that
³ bGR

t−1 − eGR
t−1
´
is absent from (A.22).

In other words, the history dependence that characterizes the optimal relative government

spending policies under commitment is absent under discretionary policymaking.

Note that indeed only the undetermined coefficient to the state variable appears in the

characterization of the solution of the system of relative variables as given by equation

(A.22). Hence, had we replaced (A.17), by a linear conjecture which depended on the state

and the underlying shocks [and assumed that these shocks were AR(1) or more general

processes], we would have arrived at the same characterization of optimal relative spending

gaps as equation (A.22). The reason is that the impact of government spending changes

on the inflation differential and the terms-of-trade-gap only depends on the undetermined

coefficient on the state variable. The coefficients on the shocks do therefore not affect

the first-order condition or the envelope condition [see equations (A.20) and (A.21)]. We

can therefore without loss of analytical generality arrive at equation (A.22) with our

parsimonious conjecture (A.17) as claimed in Footnote 2 of this Additional Appendix.
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